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Abstrat.
We elaborate a detailed study of ertain aspets of (a version of) the
AdS/CFT orrespondene, onjetured by Maldaena [Mal98℄ and Witten
[Wit98℄, between quantum eld theories in a gravitational bakground given
by an asymptotially anti-de Sitter (AAdS) spaetime, and onformally o-
variant quantum eld theories in the latter's onformal innity (in the sense
of Penrose), aspets suh that: (a) are independent from (the pair of) spe-
i models in Quantum Field Theory, and (b) suseptible to a reast in a
mathematially rigorous mould. We adopt as a starting point the theorem
demonstrated by Rehren [Reh00℄ in the ontext of Loal Quantum Physis
(also known as Algebrai Quantum Field Theory) in anti-de Sitter (AdS)
spaetimes, alled algebrai holography or Rehren duality.
The main body of the present work onsists in extending Rehren's result
to a reasonably general lass of d-dimensional AAdS spaetimes (d > 3),
srutinizing how the properties of suh an extension are weakened and/or
modied as ompared to AdS spaetime, and probing how non-trivial grav-
itational eets manifest themselves in the onformal innity's quantum
theory.
Among the obtained results, we quote: not only does the imposition of
reasonably general onditions on bulk null geodesis (whose plausibility we
justify through geometrial rigidity tehniques) guarantee that our general-
ization is geometrially onsistent with ausality, but it also allows a holo-
graphi reonstrution of the bulk topology in the absene of horizons and
singularities; the implementation of onformal symmetries in the bound-
ary, whih we expliitly assoiate to an intrinsially onstruted family of
bulk asymptoti isometries, have a purely asymptoti harater and is dy-
namially attained through a proess of return to equilibrium, given suitable
boundary onditions at innity; gravitational eets may ause obstrutions
to the reonstrution of the bulk quantum theory, either by making the lat-
ter trivial in suiently small regions or due to the existene of multiple
inequivalent vaua, whih on their turn lead to the existene of solitoni
exitations loalized around domain walls, similar to D-branes. The lan-
guage employed for the quantum theories relevant for our generalization of
Rehren duality follows the funtorial formulation of Loal Quantum Physis
due to Brunetti, Fredenhagen and Verh [BFV03℄, extended afterwards by
Sommer [Som06℄ in order to inorporate boundary onditions.
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Resumo.
Elaboramos um estudo detalhado de alguns aspetos d(e uma versão d)a
orrespondênia AdS/CFT, onjeturada por Maldaena [Mal98℄ e Witten
[Wit98℄, entre teorias quântias de ampo num fundo gravitaional dado por
um espaço-tempo assintotiamente anti-de Sitter (AAdS), e teorias quânti-
as de ampos onformalmente ovariantes no innito onforme (no sentido
de Penrose) deste espaço-tempo, aspetos estes: (a) independentes d(o par
d)e modelos espeíos em Teoria Quântia de Campos, e (b) susetíveis a
uma reformulação em moldes matematiamente rigorosos. Adotamos omo
ponto de partida o teorema demonstrado por Rehren [Reh00℄ no ontexto da
Físia Quântia Loal (também onheida omo Teoria Quântia de Campos
Algébria) em espaços-tempos anti-de Sitter (AdS), denominado holograa
algébria ou dualidade de Rehren.
O orpo do presente trabalho onsiste em estender o resultado de Rehren
para uma lasse razoavelmente geral de espaços-tempos AAdS d-dimensio-
nais (d > 3), esrutinar omo as propriedades desta extensão são enfraque-
idas e/ou modiadas em relação ao espaço-tempo AdS, e omo efeitos
gravitaionais não-triviais se manifestam na teoria quântia no innito on-
forme.
Dentre os resultados obtidos, itamos: ondições razoavelmente gerais
sobre geodésias nulas no interior (uja plausibilidade justiamos por meio
de resultados de rigidez geométria) não só garantem que a nossa general-
ização é geometriamente onsistente om ausalidade, omo também per-
mite uma reonstrção holográa da topologia do interior na ausênia de
horizontes e singularidades; a implementação das simetrias onformes na
fronteira, que assoiamos expliitamente a uma família de isometrias assin-
tótias do interior onstruída de maneira intrínsea, oorre num aráter pu-
ramente assintótio e é atingida dinamiamente por um proesso de retorno
ao equilíbrio, mediante ondições de ontorno adequadas no innito; efeitos
gravitaionais podem eventualmente ausar obstruções à reonstrução da
teoria quântia no interior, ou por torná-la trivial em regiões suiente-
mente pequenas ou devido à existênia de múltiplos váuos inequivalentes,
que por sua vez levam à existênia de exitações solitnias loalizadas ao
redor de paredes de domínio no interior, similares a D-branas. As demon-
strações fazem uso extensivo de geometria Lorentziana global. A linguagem
empregada para as teorias quântias relevantes para nossa generalização da
dualidade de Rehren segue a formulação funtorial de Brunetti, Fredenhagen
e Verh para a Físia Quântia Loal [BFV03℄, estendida posteriormente por
ix
Sommer [Som06℄ para inorporar ondições de ontorno.
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Prefae
Semântia
Eu sei lá o que querem dizer as palavras.
Sou aminho
e se imanto as limalhas a meu jeito
o desenho não é gurativo.
E se empreendo, gaguejando,
a leitura do meu ampo de esforço
o feito
infante ainda
é mensagem ifrada.
Edith Pimentel Pinto
Normativa (Sinais e Conheenças
v
, 1986)
Two of the greatest open problems in ontemporary theoretial physis are the lak
of quantitative omprehension of the nonperturbative aspets of non Abelian gauge the-
ories (quark onnement, et.) and the quantization of the gravitational eld, whih
makes itself phenomenologially neessary due to the limits of physial onsisteny of
General Relativity, whih desribes lassial gravity up to what we've been able so far
to test experimentally. One of the most tantalizing ideas in urrent literature is that
both problems are somehow related by a holographi orrespondene, in whih gravity
in a ertain region of spaetime would admit a dual desription at the boundary of
suh a region by means of a gauge theory, in the same way that a bidimensional holo-
gram reprodues a tridimensional image. Moreover, the energy regimes of the physial
proesses assoiated to both theories are of suh nature that nonperturbative aspets of
the gauge theory would manifest themselves at the (semi)lassial gravitational regime.
The history of how this idea arose goes bak to the seventies. The four laws of blak
hole dynamis, established by Bardeen, Carter and Hawking [BCH73℄, possess a
xvii
strong analogy with the 4 laws of thermodynamis:
Zeroth Law [BCH73℄: The surfae gravity κ is onstant throughout the event horizon
of a stationary blak hole
1 ↔ a thermal bath in equilibrium possesses onstant
temperature T throughout all its extension.
First Law [BCH73℄: δM = ΩHδJ +
1
8π
κδA, where M is the mass of the blak hole,
ΩH is the magnitude of the axial omponent of the timelikeKilling eld tangent
to the horizon, J the angular momentum of the blak hole and A the area of (a
spatial setion of) the event horizon. The variations of the metri impliit in the
formula are also (quasi)stationary
1 ↔ δQ = PδV +TδS, where Q is the amount
of heat, P the pressure, V the volume and S the entropy.
Seond Law [Haw71℄: Area Theorem  the area of (spatial setions of ) the event
horizon annot derease throughout the Cauhy evolution of a nonstationary
blak hole satisfying the null energy ondition (NEC)
2 ↔ the entropy of a losed
system annot derease by means of any physial proess.
Third Law [Isr86℄: A nonstationary, suiently regular blak hole satisfying the weak
energy ondition annot beome extremal, i.e., lose its trapped surfaes (i.e.,
aausal, odimension-two surfaes suh that both of their normal null geodesi
ongruenes possess negative expansion) external to its event horizon in nite
(retarded) time, whih would imply κ→ 0 3 ↔ it's impossible to reah T = 0 in
nite time by means of any physial proess.
In partiular, the area of the event horizon of a blak hole orresponds to the entropy.
Bekenstein [Bek74℄ suggested that suh an identiation was more than just a mere
analogy  the entropy of an blak hole in equilibrium would, indeed, be given by the
1
Although the zeroth, rst and seond laws are stated in [BCH73℄, only the zeroth and rst laws
are proved in this referene, for perturbations stationary blak holes (the third law is only suggested
in a rudimentary form).
2
The statement and proof of the seond law were previously elaborated by Hawking [Haw71℄ in
a nonstationary ontext.
3
The third law was formulated in the present preise form and demonstrated by Israel [Isr86℄.
One must reall that Nernst's formulation for the third law, i.e., S = 0 at T = 0, is neither universally
valid (a typial example is the ie, whih possesses a residual entropy at T = 0 due to the hydrogen
bridges. Suh a fat was established in an exat way in two dimensions by Lieb [Lie67a, Lie67b℄.
Notie that the free Bose gas, whih goes under Bose-Einstein ondensation at T = 0 and, hene,
possesses degeneray at the ground state, doesn't onstitute another (ounter)example, for the asymp-
toti behaviour of suh a degeneray in the partition funtion as T ց 0 is just polynomial, and not
exponential as in the ase of ie, resulting in S = 0 if we adopt Boltzmann's denition for the entropy.
I thank Prof. Walter Wreszinski for alling my attention to this point), nor is its natural analog for
blak holes [Wal97℄.
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formula
S =
Ahor
4
,
and a generalization of the seond law of thermodynamis, taking into aount the
matter entropy (outside the blak hole) as well as the entropy of the blak hole, should
hold. This senario, suggested by Hawking's Area Theorem [Haw71℄, is not neessar-
ily valid lassially; however, the work of Hawking [Haw75℄ showed
1
that a quantum
eld oupled to the gravitational eld of a blak hole thermalizes, after a suiently
long time interval, preisely at temperature T = κ
2π
, suggested by the rst law of blak
hole dynamis! This result is surprising, for the latter is a purely geometrial quantity,
whih indiates an universal (i.e., independent of the quantum eld model we ouple to
the lassial gravitational eld) harater for the laws of blak hole thermodynamis.
2
Motivated by suh a result, 't Hooft [Hoo93℄ proposed taking Bekenstein's idea to
the last onsequenes: the mirosopi degrees of freedom of a quantum theory of grav-
ity are ompletely enoded in the boundary of the spaetime's volume where suh theory
is dened. This priniple, formalized later by Susskind [Sus95℄, is named holographi
priniple.
Within the integrated desription of gauge theories and gravity proposed by string
theory, two results suggest that this theory may provide a realization of the holographi
priniple: the mirosopi alulation of Bekenstein entropy made by Strominger
and Vafa [SV96℄, and, above all, the work of Maldaena [Mal98℄, whih, by means
of a(n eetive limit of a) string model on the bakground spaetime AdS5×S5, where
the AdS5 fator is the anti-de Sitter (AdS) spaetime in ve dimensions, obtained the
eld multiplet of a supersymmetri, onformally invariant gauge theory with strutural
group SU(N) in the N →∞ limit, living at the onformal boundary of AdS5 (the S5
fator beomes a global group of internal (R-)symmetries SU(4) ∼ SO(6)). Malda-
ena onjetured that this relation establishes a one-to-one orrespondene between
both theories, even outside the eetive limit. The formulation of this orrespondene
in terms of k-point funtions was obtained by Gubser, Klebanov and Polyakov
[GKP98℄ in a partiular ase, and more in general by Witten [Wit98℄. In these two
works, it was shown that the (Shwinger) k-point funtions of the gauge theory in the
above limit ould be obtained from variations of the lassial (Eulidean) supergravity
1
The geometrial optis approximation for the two point funtion near the horizon of a
Shwarzshild, blak hole, adopted by Hawking in [Haw75℄, is diult to justify, for the behaviour
of the metri in this region implies an index of refration that varies very fast along the relevant time
oordinate. A oneptually preise alulation of Hawking radiation was obtained by Fredenhagen
and Haag [FH90℄.
2
From the viewpoint of the related Unruh eet, this is not so surprising, if one has in mind the
results of Bisognano and Wihmann in the ontext of Wightman quantum elds [BW75, BW76,
Sew82℄. However, suh a omparison demands are, as the irumstanes of the Hawking eet are
dierent in several aspets [Wal94℄.
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ation around its value at the bakground geometry under variation of the boundary
onditions at onformal innity. Moreover, Witten's presription for the generating
funtional of the onformal eld theory allowed one to rephrase Maldaena's state-
ment uniquely in terms of usual eld theories, without referene to strings. Suh a
orrespondene beame known in literature as AdS/CFT orrespondene. By means
of this formulation, the Maldaena onjeture was suessfully tested in a myriad of
partiular ases.
3
Witten's formulation for the AdS/CFT orrespondene opened way to the fol-
lowing question: might it be possible to establish a orrespondene between quantum
eld theories (QFT's) in AdS and onformally ovariant QFT's in AdS's onformal
innity, uniquely from the fundamental priniples of QFT? The question indeed hap-
pens to have a positive answer: within a version of Wightman's axiomati framework
[SW00℄ for quantum elds in AdS, a orrespondene between k-point funtions in the
(latter's) bulk onformally invariant k-point funtions in the onformal boundary was
rigorously established by Bertola, Bros, Moshella and Shaeffer [BBMS00℄.
Moreover, a orrespondene between bulk and boundary algebras of loal observables
was demonstrated by Rehren [Reh00℄, within the algebrai formalism of Haag and
Kastler [HK64, Haa96℄ for QFT (Loal Quantum Physis)  the latter orrespondene
is named algebrai holography or Rehren duality. Although the relation between these
two formulations and Witten's presription has been investigated in several aspets
[DR02, DR03, Reh05℄, a fundamental question remained unanswered: how gravitational
eets are enoded in these formulations?
As both versions refer themselves uniquely to (pure) AdS spaetimes (for they de-
pend ritially on its ausal struture), and not to more general geometries possessing
the same onformal innity of AdS (i.e., asymptotially AdS (AAdS) spaetimes), even
the formulation per se of suh rigorous ounterparts in a more general geometrial on-
text beomes elusive. There are, inlusively, evidenes [AS02℄ that, for nontrivial AAdS
geometries, Rehren duality beomes physially inompatible with known tests of the
Maldaena onjeture, and, as suh, needs to be reformulated. Whih takes us to a
seond question, intimately linked to the former: How muh from the underlying frame-
work of Rehren duality and its properties does survive in generi AAdS spaetimes?
3
Unfortunately, the phenomenal researh ativity aroused by the fundamental works about the
AdS/CFT orrespondene, ited above, made pratially impossible to elaborate even a pretensely
representative bibliography of its dierent diretions (the work [Mal98℄ alone possesses more than
4.700 itations by 30/07/2007, aording to the SPIRES-HEP online database). Thus, we shall on-
tent ourselves in iting only works of diret relevane to our development, as needed, and forward the
interested reader SPIRES-HEP's homepage (http://www.sla.stanford.edu/spires/) for other di-
retions.
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The body of the present Thesis proposes a natural generalization of Rehren du-
ality to AAdS spaetimes and investigates how the properties of the original version
are modied by gravitational eets in the bulk, seeking to eluidate both questions
elaborated above.
One of the fundamental lessons of Loal Quantum Physis is that the physial infor-
mation of a quantum eld theory is ontained not in the individual elds / observables,
but in the relative inlusions of loal algebras. In partiular, suh information is highly
sensitive to the ausal struture of spaetime. Hene, it's to be expeted that the dis-
tortion of the ausal struture of the bulk of an AAdS spaetime due to gravitational
eets be felt by the dual theory at the boundary. We'll see, after a qualitative,
global study of this deformation within a reasonably general set of hypotheses about
the bulk geometry, that this indeed ours. We shall show eets of two kinds:
1. The implementation of asymptoti isometries, far from being an immediate fat as
it is for AdS, is dynamially attained as a proess of return to equilibrium, whih
has as a onsequene the potential breaking of onformal symmetry. The states
over the boundary quantum theory obtained by this proess possess a rather rih
struture, of whih we've only srathed the surfae, and whose thermal properties
deviating from equilibrium enode nontrivial details of the bulk geometry.
2. The struture of superseletion setors is radially modied by gravitational ef-
fets. Given the hypothesis that arbitrarily small bulk regions possess nontrivial
observables, plus other natural ones within the ontext of the algebrai theory
of superseletion setors [Ara99, Haa96℄, we'll show that the bulk theory a-
quires soliton exitations loalized around domain walls, similar to the D-branes
that our in the original formulation of the AdS/CFT orrespondene, signaling
spontaneous breaking of internal symmetries. The nontrivial inrease of the loal
algebras at the boundary needed to the inorporation of the intertwiners among
dierent partial vaua makes these algebras to aquire nonloal (i.e., extended)
elements implementing internal symmetries in the region where eah partial va-
uum diers from the total vauum. And, preisely beause of these elements, it
beomes fundamentally impossible, unlike in pure AdS, to ompletely reonstrut
the bulk quantum theory from the boundary theory alone (Subsetion 4.4.3, page
94).
We've put emphasis, in this work, in robust, mathematially rigorous results whih
are independent from a spei quantum eld model, by virtue of the universal harater
of several aspets of the AdS/CFT orrespondene. We shall not investigate in detail,
though, the relation of the formalism proposed here to Witten's presription  suh
a task lies beyond the sope of the present work.
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On the struture of this Thesis
This Thesis has three parts. In Part I, whih omprises Chapters 1 and 2, we develop
the geometrial part of the work. In Part II, whih omprises Chapters 3 and 4, we
present our proposal of generalization of Rehren duality within a general formalism
for QFT in urved spaetime whih inorporates ovariane and loality in funtorial
manner, and study universal (i.e., independent of spei models) onsequenes from
the dynamial and strutural viewpoints. Part III onsists only of the Coda, whih
onludes the work.
In Chapter 1, we'll start a systemati treatment of anti-de Sitter (AdS) and
asymptotially anti-de Sitter (AAdS) spaetimes. We shall investigate, within a set
of hypotheses about the global behaviour of null geodesis, how the ausal struture
is globally modied by gravitational eets onsistent with the boundary onditions at
innity (Proposition1.8, page 20)  the eet is mainly due to gravitational time delay
of null geodesis traversing the bulk (Theorem 1.3, page 16). Some of these results
are not new [Woo94, GW00℄, but the tehnique of gravitational time delay is funda-
mental to most of the geometrial developments to follow. We shall dene a simple
generalization of wedge regions, employed by Rehren in [Reh00℄, to AAdS spaetimes
(Denition 1.5, page 15)  suh regions generalize, in a ertain sense, the Rindler
wedge {x1 > |x0|} in Minkowski spaetime, and onstitute the prototype of an event
horizon of an asymptotially stationary blak hole in a bakground with negative os-
mologial onstant. We'll show how it's possible to reonstrut the bulk topology by
means of intersetions of wedges enveloping suiently small diamonds (Subsubsetion
1.3.1.3, page 23). This result is original [Rib07℄, and the proof involves an interesting
appliation of the method employed by Penrose [HE73, Wal84℄ to prove the existene
of singularities as result of gravitational ollapse, together with a ompatness argu-
ment, to obtain a geometri maximum priniple that guarantees the preise envelope
(Theorem 1.14, page 27). The presentation of this Chapter has several improvements
with respet to [Rib07℄.
In Chapter 2, we'll investigate the dynamis of the Einstein equations in AAdS
spaetimes (Setion 2.2, page 33). Suh a disussion aims at estimating in a more quan-
titative way nontrivial gravitational eets in terms of geometrial quantities dened in
the onformal boundary. We'll also onstrut in an intrinsi manner families of asymp-
toti isometries (boosts) naturally assoiated to eah AAdS wedge (Proposition 2.5,
page 46), and, more in general, families of asymptotially onformal dieomorphisms
assoiated to any relatively ompat diamond in ausally simple spaetimes (formulae
(2.37)(2.39), page 45). To suh families, it's possible to assoiate a surfae gravity in
the horizon of eah wedge or diamond (Denition 2.2, page 51) and, hene, formulate an
asymptoti analog of the zeroth law of blak hole (thermo)dynamis (Theorem 2.6, page
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51), and orresponding results for the seond law (ontained in Proposition 1.8, page
20, and properly reinterpreted in the ontext of this Chapter) and the haraterization
of reversible proesses (Theorem 2.7, page 54, whih follows diretly from Proposition
1.8, ibid. and Remark 1.7, page 21). The presented onstrution is suiently robust
to be implemented in situations not neessarily linked to the geometrial ontext of the
AdS/CFT orrespondene.
In Chapter 3, we'll introdue a generalization of the formalism of Haag and Kast-
ler to urved spaetimes, proposed by Brunetti, Fredenhagen andVerh [BFV03℄
and formulated in terms of the language of ategories and funtors.
In Chapter 4, we'll present in a preise way our proposal of generalization for
Rehren duality. For suh, it's neessary to adapt the onstrutions of Chapter 3
to our present geometrial ontext, whih demands the imposition of boundary ondi-
tions in a ovariant manner. Thus, we shall initiate our disussion with the algebrai
treatment of this issue proposed by Sommer [Som06℄, whih investigates how it's pos-
sible to extend a loally ovariant quantum theory in the sense of Brunetti et al. to
non globally hyperboli spaetimes (Denition 4.1, page 70). One follows the example
of loal quantum theories in anti-de Sitter spaetimes  here, we sought to insert the
formulation proposed by Buhholz, Florig and Summers [BFS00℄ within a loally
ovariant ontext. The advantage of this formulation, besides the minimal number of
premises, is the imposition of boundary onditions at onformal innity on the ele-
mentary states in the form of a ondition of thermodynami stability (formulae (4.6)
and (4.7), page 73)  whih, in the ase of AAdS spaetimes, is generalized in the
form of a ondition of return to equilibrium (ondition (d), page 84). Employing the
tehniques of Borhers and Yngvason [BY99℄ (stated in Theorems 4.1, 4.2 and 4.3,
page 75.), we shall show that suh a ondition an be understood as a presription
for the saling behaviour of observables in a neighborhood of innity (Proposition 4.4,
page 78), whih an be generalized to asymptotially anti-de Sitter spaetimes. With
this framework at hand, the generalization of Rehren duality (Denition 4.3, page 73)
we seek emerges naturally (Denition 4.8, page 82). We'll investigate the struture of
states over the obtained boundary theory by means of this generalization, and we'll
end up with an outline of a orrespondene between superseletion setors of the bulk
quantum theory and its boundary dual, linking setors loalized in diamonds (i.e., in
the sense of Dopliher, Haag and Roberts [Haa96℄) at the boundary and soliton
setors in the bulk, loalized around odimension-two domain walls, quite similar to
D-branes.
In the Coda, we'll present our onlusions and list possible future diretions of in-
vestigation suggests by the present work.
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A pedagogial obstale to the oneption of the present Thesis was the broad spe-
trum of employed mathematial tehniques  global Lorentzian geometry, operator
algebras, ategories and funtors. Hene, we've olleted most of the needed mathe-
matial onepts in four Appendies, in order not to deviate the reader's attention from
the entral ideas of the present work and make the text mathematially self ontained.
Appendix A summarizes the neessary notions of Lorentzian geometry and ausal
struture.
Appendix B presents basi onepts of Operator Algebras (C*-algebras, von Neu-
mann algebras and Borhers-Uhlmann algebras), inluding a minimal introdution
to Tomita-Takesaki theory, employed in Chapter 4. This Appendix begins with a
detailed treatment of *-algebras, seeking to unify the presentation of the results and
onepts of operator algebras that depend only on the algebrai struture.
Appendix C ondensates the basi onepts of ategories and funtors employed in
Chapters 3 and 4.
Appendix D draws quik strokes of the onepts of homotopy needed in Chapter 1.
I wish you all a nie reading!
The Author
São Paulo and Hamburg, resp. September and Deember 2007
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nity is represented in blue and the (fundamental) Poinaré do-
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Frequently used notation and onventions
• Z, R, C  respetively, the ring of integers and the elds of real and omplex
numbers. Z+/−, R+/−  respetively, the positive (> 0) / negative (< 0) integers
and the positive / negative reals. Z¯+/−, R¯+/−  respetively, the non negative
(≥ 0) / non positive (≤ 0) integers and the non negative / non positive reals.
• The real and imaginary parts of z = x + iy ∈ C are respetively denoted by
ℜz .= x and ℑz .= y, and the omplex onjugate of z, by z¯ .= x− iy.
• The power set of X is denoted by P (X) .= {U ⊂ X}.
• Given any sets A, S, AS .= {a : S → A} denotes the Cartesian power of A to S.
In partiular, if S = {1, . . . , n}, we write AS .= An = {(a1, . . . , an) : ai ∈ A, ∀i =
1, . . . , n}.
• Given an open set O in a topologial spae X , K ⋐ O denotes that K possesses
ompat losure K¯ and K¯ ⊂ O .
• Given a symmetri non degenerate bilinear form g over Rd, the signature of g is
given by the pair of integers (p, q) or by their dierene p − q, where p + q = d
and p is the number of negative eigenvalues of g, named index of g. We assoiate
to g the symmetri non degenerate bilinear form g−1
.
= [gij ]
−1
, of same index,
over the dual of R
d
, and the volume d-form given by
√|g| .=√((−1)p det[gij]) 12 ,
where [gij] is the matrix assoiated to g in some orthonormal basis.
• Manifolds and their subsets are denotes by apital alligraphi letters (e.g. M ,
O , I , et.). All manifolds employed in the text are C∞, σ-ompat (and, thus,
paraompat), onneted and orientable, unless otherwise indiated (regarding
the notions of topology involved, see [Dug66℄).
• Given a manifold M , we denote the tangent and otangent spaes at p ∈ M
respetively by TpM and T ∗pM , and the tangent and otangent bundles, by TM
and T ∗M .
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• More generally, we write any vetor bundle over a d-dimensional M as E p−→ M ,
where p denotes the projetion (surjetive submersion) map, E the total (D+ d)-
dimensional spae and M the basis. The typial bre is usually denoted by
Ex
.
= p−1(x) ∼= RD, ∀x ∈ M .
• Given a vetor eld X , we denote the Lie derivative of funtions / setions along
X by £X .
• Tensor indies are given by small Greek letters µ, ν, et. when written in terms of
loal oordinates, and by small Latin letters a, b, et. when they only indiate the
rank of the tensor, without referene to oordinates (PenroseRindler abstrat
index notation). In both ases, the ontration of indies follows Einstein's
onvention.
• We denote by δab the Kroneker delta (= identity matrix as a linear operator
in T (∗)M ).
• Given a rank-(r, s) tensor T µ1···µrν1...νs , we denote respetively the symmetri antisym-
metri parts of T w.r.t. ontravariant indies µj, . . . , µk, 1 ≤ j < k ≤ r by
T
µ1···(µj ···µk)···µr
ν1···νs
.
=
1
(k − j + 1)!
∑
π∈Sk−j+1
T
µ1···µpi(j)···µpi(k)···µr
ν1···νs
and
T
µ1···[µj ···µk ]···µr
ν1···νs
.
=
1
(k − j + 1)!
∑
π∈Sk−j+1
sgn(π)T
µ1···µpi(j)···µpi(k)···µr
ν1···νs ,
where Sl is the group of permutations of l elements and sgn(π) = 1 in ase
π involves an even number of 2-element swithings, and −1 if it involves an
odd number of them. Analogously, we denote respetively the symmetri and
antisymmetri parts of T w.r.t. ovariant indies νm, . . . , νn, 1 ≤ m < n ≤ s, by
T µ1···µrν1···(νm···νn)···νs e T
µ1···µr
ν1···[νm···νn]···νs
. If we want to exlude the interval µj, . . . , µk from
the symmetrization or antisymmetrization of the indies µ1, . . . , µl, we'll write
respetively (µ1 · · · |µj · · ·µk| · · ·µl) or [µ1 · · · |µj · · ·µk| · · ·µl]. The orresponding
formulas for (anti)symmetrization of a tensor shall have the ombinatorial fator
1
l!
substituted by
1
(l−k+j−1)!
. All these onventions hold without modiation for
abstrat indies.
• Rp,q denotes the semi-Riemannian manifold (Rp+q, η) (see Appendix A), where
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the metri η is given by the symmetri non degenerate bilinear form of index p
η = diag(
p− · · ·− q+ · · ·+) .=

−1 0
.
.
. 0
0 −1
+1 0
0
.
.
.
0 +1

.
In partiular, d-dimensional Minkowski spaetime is given by R1,d−1  that is,
we adopt the signature onvention (−+ · · ·+) (index 1) for Lorentzian metris.
• Given x, y ∈ Rd, the Eulidean norm of x is denoted by |x|, and the orresponding
salar produt, by 〈x, y〉. The Lebesgue measure of a Borel subset A of Rd is
denoted by |A| (for the relevant notions of measure theory, see [Mun71, Rud87℄).
• Sd denotes the d-dimensional sphere {x ∈ Rd+1 : |x| = 1}, whose indued Eu-
lidean metri is denoted by dΩ2d = (dθ
1)2+sin2 θ1((dθ2)2+sin2 θ2(· · · ((dθd−1)2+
sin2 θd−1(dθd)2) · · · )) = (dθ1)2 + sin2 θ1dΩ2d−1, where θI = (θ1, . . . , θd) are the
angular (spherial) oordinates of Sd, i.e., 0 ≤ θ1, . . . , θd−1 ≤ π and 0 ≤ θd < 2π.
• The norm of a normed vetor spae is denoted by ‖.‖, with additional indiation
when needed.
• The salar produt of a pre-Hilbert spae (real or omplex) is denoted by 〈., .〉.
We set the onvention that, in the omplex ase, the sesquilinear form 〈., .〉 is
linear in the seond variable and anti-linear in the rst.
• *-algebras, in partiular C*- and von Neumann, are denoted by Gothi apital
letters (e.g. F, A, R, et.). Suh algebras, if unital, have their identity element
denoted by 1 (see Appendix B).
• Funtors are also denoted by Gothi apital letters.
• Asymptoti behaviour  we say that f(x) = O(g(x)) as x→ x0 (x0 an be ±∞)
if there exists a neighbourhood U ∋ x0 and C > 0 suh that |f(x)| ≤ C|g(x)|,
∀x ∈ U and f(x) = o(g(x)) as x→ x0 if for all ǫ > 0 there exists a neighbourhood
U ∋ x0 suh that |f(x)| < ǫ|g(x)|, ∀x ∈ U ; f and g are said to be equivalent
(notation: f(x) ∼ g(x)) as x → x0 if there exists a neighbourhood U ∋ x0
and C > 0 suh that C−1g(x) ≤ f(x) ≤ Cg(x), ∀x ∈ U . Given a sequene of
funtions {gk}k∈Z+, we say that f is an asymptoti sum of gk, k ∈ Z+ as x→ x0
(notation: f ∼x→x0
∑∞
k=1 gk) if |f −
∑K
k=1 gk| = O(gK+1), for all K.
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• D(O) denotes the spae of C∞ funtions of ompat support in O (test fun-
tions), and S (Rd), the spae of C∞ funtions whose derivatives of order ≥ 0 go
to 0 faster tan any polynomial in x as |x| → ∞ (tempered or Shwartz test
funtions). We also write, following L. Shwartz, E (O) = C∞(O). We shall
employ these dierent notations alternately along the text. Respetively, the
(general) distributions, tempered e ompatly supported distributions are given
by the topologial duals D ′(O), S ′(Rd), E ′(O).
• When O ⊂ M , where (M , g) is a d-dimensional, orientable semi-Riemannian
manifold, we use invariant volume element
√|g| to identify test funtion spaes
with the orresponding test densities (= d-forms, sine we've assumed M ori-
entable). Hene, the topologial duals are distributions and not distributional
densities (i.e., by the smearing u(f) of a distribution u with a test funtion f ,
one understands the expression u(f
√|g|), for the metri will always be lear in
ontext).
• Given a vetor bundle E p−→ M , the spae of setions C∞ of E is the C∞(M )-
module denoted by Γ∞(M , E )
.
= {φ : M C∞−→ E : p ◦ φ = idM}. Denoting the
zero setion of E (i.e., whih takes the value of the origin at eah bre) simply
by 0, we dene the support suppφ of a setion φ as the omplement of the largest
open set in M where φ = 0. We denote, then, spae of ompatly supported C∞
setions of E by Γ∞c (M , E ).
xxx
En efeto, rematado ya su juiio, vino a
dar en el más estraño pensamiento que jamás
dio loo en el mundo, y fue que le pareió
onvenible y neesario, así para el aumento de
su honra omo para el serviio de su
repúblia, haerse aballero andante y irse por
todo el mundo on sus armas y aballo a
busar las aventuras y a ejeritarse en todo
aquello que él había leído que los aballeros
andantes se ejeritaban, deshaiendo todo
género de agravio y poniéndose en oasiones y
peligros donde, aabándolos, obrase eterno
nombre y fama. Imaginábase el pobre ya
oronado por el valor de su brazo, por lo
menos del imperio de Trapisonda; y así, on
estos tan agradables pensamientos, llevado del
estraño gusto que en ellos sentía, se dio priesa
a poner en efeto lo que deseaba. Y lo primero
que hizo fue limpiar unas armas que habían
sido de sus bisabuelos, que, tomadas de orín y
llenas de moho, luengos siglos había que
estaban puestas y olvidadas en un rinón.
vi
Miguel de Cervantes Saavedra
El ingenioso hidalgo don Quijote de la
Manha
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Part I
The AdS/CFT orrespondene and its
geometrial manifestations
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Chapter 1
The geometry of asymptotially anti-de
Sitter spaetimes
Devia ou não devia ontar-lhe, por motivos de
talvez. Do que digo, desubro, deduzo. Será,
se? Apalpo o evidente? Trebuso. Será este
nosso desengonço e mundo o plano 
interseção de planos  onde se ompletam de
fazer as almas?
João Guimarães Rosa
O espelho (Primeiras Estórias
viii
)
1.1 Generalities on spae forms
Among the d-dimensional Lorentzian metris g whih solve the Einstein equations
without matter and with osmologial onstant Λ
(1.1) Ri(g)− 1
2
R(g)g + Λg = 0,
the simplest ones are those with onstant setional urvature.
1
More preisely, if g is
suh that its setional urvature
(1.2) K(g)(X, Y )
.
=
g(Riem(g)(X, Y )X, Y )
g(X,X)g(Y, Y )− g(X, Y )2 = C
1
For d < 4, these are the only solutions of (1.1)! See Appendix A, formula (A.2), page 106
disussion that follows.
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for all pairs X, Y of tangent vetors at a point p generating a plane in whih g is a
nondegenerate bilinear form
2
(C may, em priniple, depend on p), then g satises (1.1)
if and only if C = 2
(d−1)(d−2)
Λ. In this ase, we have:
(1.3) Riem(g)abcd =
2Λ
(d− 1)(d− 2)(gacgbd − gadgbc)
(gacgbd−gadgbc an be seen as the metri indued by g in the tangent spae of 2-vetors;
Riem(g)abcd, on its turn, is a symmetri bilinear form in this spae. The identity (1.3)
hene follows from (1.2) by polarization). Conversely, any d-dimensional Lorentzian
manifold with onstant setional urvature C satises (1.1) with Λ = (d−1)(d−2)
2
C. In
these irumstanes, we an invoke two results (see [O'N83℄ for the proof of both):
Theorem 1.1 ([O'N83℄) Let (M , g) and (M ′, g′) be two d-dimensional Lorentzian
manifolds of onstant setional urvature K(g) = K(g′) = C. Then any points p ∈ M ,
p′ ∈ M ′ possess isometri neighbourhoods. If M ′ is geodesially omplete, the isometry
in question extends uniquely to a loal isometry φ : M → M ′ (i.e., the tangent map
dφ(p) : TpM → Tp′M ′ is a isometry, for all p ∈ M ). 
Theorem 1.2 ([O'N83℄) Let (M , g) and (M ′, g′) be two d-dimensional, geodesially
omplete and onneted Lorentzian manifolds with onstant setional urvature K(g) =
K(g′) = C. Then, for any points p ∈ M , p′ ∈ M ′ and any isometry L : TpM →
Tp′M ′, there exists a unique isometri overing map (see Denition D.3, page 155)
φ : M → M ′ suh that dφ(p) = L. 
Definition 1.1 A geodesially omplete Lorentzian manifold with onstant setional
urvature is alled a spae form.
It follows from Theorem 1.2 that any simply onneted spae form is uniquely
determined by Λ. We list below suh solutions.
Λ > 0  de Sitter spaetimes (notation: dSd(Λ)), given by the spatially ompat
hyperboloid
(1.4) dSd(Λ)
.
= {X ∈ R1,d : η(X,X) = R2}, R =
√
(d− 1)(d− 2)
2Λ
.
Its isometry group is the de Sitter group O(1, d), with omponent onneted
to identity
3 SOe(1, d).
2
The denominator in (1.2) denotes the square of the Lorentzian area of the parallelogram with
sides X and Y .
3
For orientable and time orientable Lorentzian manifolds, this is given by the proper (preserving
the orientation of the volume element, i.e., whose tangent map has determinant one) and orthohronous
(preserving time orientation) isometries.
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Λ = 0  Minkowski spaetime R1,d−1. Its isometry group is the Poinaré group
O(1, d−1)⋉Rd, with omponent onneted to identity SOe(1, d−1)⋉Rd .= P↑+,d.
Λ < 0  anti-de Sitter spaetimes (notation: AdSd(Λ)), given by the universal
overing (see Appendix D, Denition D.3, page 155) of the timelike ompat
hyperboloid
AdSd(Λ)
.
= {X ∈ R2,d−1 : (X0)2 − (X1)2 − · · · − (Xd−1)2 + (Xd)2 = R2},(1.5)
R =
√
− (d−1)(d−2)
2Λ
.
Its isometry group is the anti-de Sitter group, given in the fundamental domain
(1.5) by O(2, d− 1), with omponent onneted to identity SOe(2, d− 1).
Remark 1.2 In a slight abuse of notation, we shall omit in general the osmologial
onstant when employing a notation above for the dierent simply onneted spae forms
(i.e., we'll write (A)dSd instead of (A)dSd(Λ)), whenever suh a pratie doesn't ause
onfusion. Unlike a reurrent pratie in literature, we don't identify AdSd with the
fundamental domain (1.5), for the latter has a minimal role throughout this work,
besides ausing unneessary tehnial ompliations.
All solutions above are maximally symmetri: the Lie algebra of Killing elds of
eah spae form has maximal dimension
d(d+1)
2
(onversely, any onneted Lorentzian
manifold whose Lie algebra of Killing elds has maximal dimension possesses on-
stant setional urvature). By a standard result [O'N83℄, every Killing eld uniquely
extends to a one-parameter group of isometries, whene it follows that the Lie group
of isometries of a spae form has also dimension
d(d+1)
2
. Moreover: let p, q be two
points of a spae form M . We an onnet them by a nite sequene of geodesi seg-
ments γi, i = 1, . . . , k with ane parameters λi ∈ [0, 1]  in this ase, γi(1) = γi+1(0),
γ1(0) = p and γk(1) = q  by overing any urve segment linking p to q with a nite
number of normal neighbourhoods. Consider the middle point p¯i of γi, and the isometry
Li : Tp¯iM → Tp¯iM given by −idTp¯iM . By Theorem 1.1, eah Li determines an isometry
φi : M → M , in this ase satisfying φi(γi(0)) = γi(1). Finally, φ = φk ◦ · · · ◦ φ1 is
an isometry linking p to q. That is, any two points p, q are onneted by an isometry,
i.e., any spae form is a homogeneous spae (i.e., the ation of the isometry group is
transitive). In partiular, the isometry group ats in spae forms without xed points,
i.e., given any point p, there exists an isometry φ suh that φ(p) 6= p.
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1.2 Geometry of AdSd: boundary onditions at
innity
We an write a global system of spherially symmetri spatial oordinates for AdSd.
Consider (τ, r, e) ∈ R× R¯+ × Sd−2. Writing
(1.6)

X0=
√
R2 + r2 sin t
X = re
Xd=
√
R2 + r2 cos t
, R given by (1.5),
the AdSd metri beomes
(1.7) ds2 = −R2
(
1 +
r2
R2
)
dt2 +
(
1 +
r2
R2
)−1
dr2 + r2dΩ2d−2.
The fundamental domain is obtained by the restrition −π < t ≤ π. As the overing
is, thus, obtained by unwrapping the time oordinate τ , we shall denominate the
global hart (1.61.7) the the overing hart. A oordinate system dened only in
the domain {X : Xd−1 +Xd > 0} (alled Poinaré (fundamental) domain), but far
more onvenient for the analysis of several geometrial aspets of AdSd, is given by
(xµ, z) ∈ R1,d−2 × R+, if we write
(1.8)

Xµ = R
z
xµ (µ = 0, . . . , d− 2)
Xd−1=R
(
1−z2
2z
+ 1
2z
xµx
µ
)
Xd =R
(
1+z2
2z
− 1
2z
xµx
µ
)
In this ase, (1.7) aquires the following form:
(1.9) ds2 =
R2
z2
(
ηµνdx
µdxν + dz2
)
.
This hart is denominated horoyli or a Poinaré hart. One an see by formula
(1.9) that eah timelike hypersurfae in the Poinaré domain given by z = const. is
onformal to R
1,d−2
by a fator
(1.10) (Xd−1 +Xd)2 =
R2
z2
.
Hene, the Poinaré domain orresponds to the half z > 0 of R1,d−1 ∋ (xµ, xd−1 .=
z), up to the onformal fator (1.10). We an obtain the ation of several subgroups of
SOe(2, d−1) on AdSd from the subgroup of (the omponent onneted to identity of) the
onformal group SOe(2, d) of R
1,d−1
that individually preserves eah half {(xµ, xd−1) :
xd−1 ≷ 0} by using this parametrization, as follows:
6
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• Poinaré subgroup:
(1.11) (z, xµ) 7→ (z,Λµνxν + aµ), Λ ∈ SOe(1, d− 2), a ∈ Rd.
This subgroup preserves the z =onstant hypersurfaes, and ats on eah one as
the Poinaré group ats in R
1,d−2
.
• Dilation subgroup:
(1.12) (z, xµ) 7→ (λz, λxµ), λ ∈ R+.
The remaining isometries, whih do not preserve the fundamental Poinaré do-
main, will be presented in Subsetion 1.2.1.
1.2.1 Struture of onformal innity
Let us onsider the overing parametrization (1.6). We'll show now that AdSd
possesses a onformal innity in the sense of Denition A.3. Applying the hange of
variables
τ = t, u = 2
(√
1 + r
2
R2
)
− r
R
, dr = −R ( 1
u2
+ 1
4
)
du(1.13)
r ∈ [0,+∞) ↔ u ∈ (0, 2],
the metri (1.7) beomes
(1.14) ds2 =
R2
u2
[
−
(
1 +
u2
4
)2
dt2 + du2 +
(
1− u
2
4
)2
dΩ2d−2
]
.
The spatial innity of AdSd is obtained by taking r → ∞, whih orresponds to
the limit u ց 0. The metri of the onformal ompletion ds¯2 = u2ds2, in this limit,
beomes
(1.15) ds¯2 = R2(−dt2 + dΩ2d−2 + du2) = R2(du2 + ds20),
where ds20 is the metri of Einstein's stati universe in (d− 1) dimensions (ESUd−1),
whih is isometri to R × Sd−2. In order to see the onformal boundary of the fun-
damental domain, let us return to oordinates τ , r; one noties that the boundary is
then onformal to R
1,d−2
by a fator (Xd−1+Xd)−2. Taking projetive (Dira-Weyl)
oordinates, we have:
(1.16) xµ =
Xµ
Xd−1 +Xd
r→∞−→
{
x0 = sin τ
cos τ+ed
x = e
cos τ+ed
.
7
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More preisely, the onformal boundary of the fundamental domain of AdSd orre-
sponds to the onformal ompatiation of R
1,d−2
(notation: cR1,d−2).
ESUd−1, ontrary to cR
1,d−2
, doesn't suer from ausality onits due to the ation
of the onformal group of R
1,d−2
, whih extends to the universal overing
4 S˜Oe(2, d−1).
Its global ausal ordering is given by [LM75℄
(1.17) (τ, e)≪I (τ ′, e′) if and only if τ − τ ′ > 2Aros(e.e′),
where Aros(a) orresponds to the prinipal branh of cos−1(a) (−π < a ≤ π). In
terms of the Poinaré parametrization (1.8), eah z =onst. hypersurfae orre-
sponds, in projetive oordinates, exatly to R
1,d−2
, a result whih extends to z = 0.
Thus, onversely to (1.16), we an obtain one more the global hart of ESUd−1 by
expliitly writing the onformal embedding of R
1,d−2
into the latter. Namely, rewriting
η in spatially spherial oordinates
η = −(dx0)2 + dx.dx = −(dx0)2 + dr2 + r2dΩ2d−3
and moving to advaned (v) and retarded (u) radial oordinates in the light one
v
.
= t + r
u
.
= t− r
}
⇒ η = −du dv + 1
4
(v − u)2dΩ2d−3,
we see that, under the hoie of onformal fator Ω2 = 4
(1+u2)(1+v2)
and the oordinate
hange (u, v) 7→ (U, V ) (given by U = 2artanu e V = 2artanv) and (U, V ) 7→ (T .=
V+U
2
, R
.
= V−U
2
), it follows that
ds20 = Ω
2η = −dT 2 + dR2 + sin2RdΩ2d−3 = −dT 2 + dΩ2d−2,
aording to (1.15). That is, the oordinate hange (xµ) 7→ (T, θ1 .= R, θ2, . . . , θd−2)
orresponds from the passive viewpoint to what, from the ative viewpoint, is the on-
formal embedding R
1,d−2
into ESUd−1 (U and V are the light-one radial oordinates
in ESUd−1). One should also notie, in the light of these onsiderations, that AdSd,
expressed in terms of the projetive oordinates (1.16) properly extended to the over-
ing, orresponds to half of ESUd. The Poinaré domain, on its turn, orresponds to
the image of the onformal embedding of the half xd−1 > 0 of R1,d−1 into ESUd, and
its innity (xd−1 = 0), to the image of the onformal embedding of R1,d−2 into ESUd−1.
The above analysis is pitorially synthesized in Figure 1.1.
Starting from what has been said above, it's immediate to identify the remaining
subgroup of S˜Oe(2, d − 1). The onjugation of the subgroup of translations along xµ
(see (1.11), page 7) by the relativisti ray inversion map in R
1,d−1
I : (xµ, xd−1) = (xµ, z) 7→ − 1
z2 + xνxν
(xµ, z), xνx
ν = ηρσx
ρxσ
4
Modulo the group Z2 of reetions aross the spatial innity of cR
1,d−2
.
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(a)
(b) ()
(d)
I
AdSd/Z
Poi(p)
p
p¯
Poi(p) p¯
AdSd
p¯
M in(p)
I
p¯
p
p¯
p(= p¯/Z)
p
p¯
I
ESUd
I = ESUd−1
Figure 1.1: (a) Fundamental domain of AdSd (red), given by the quotient modulo Z, where
the spatial innity is represented in blue and the (fundamental) Poinaré domain is the upper
part of the dotted ut; (b) Image of the onformal embedding of AdSd into ESUd (red). The
innity I of AdSd is represented in blue and the Poinaré domain Poi(p) is delimited
by the dotted urves; () Poi(p) (side view) delimited by the dotted lines in red, with I
represented in blue; (d) Visualization of I as ESUd−1 (red) with the Minkowski domain
M in(p), orresponding to the image of the onformal embedding of R1,d−2 into ESUd−1, in
blue.
results in the speial onformal transformations (also alled onformal translations)
(xµ, z) 7→ I ◦ (.+ bµ) ◦ I(xµ, z) = 1
1− 2bµxµ + b2(x2 + z2) .(1.18)
.(xµ − bµ(x2 + z2), z), b ∈ R1,d−2 ∋ aµ, a2 := aµaµ.
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Suh transformations, if onjugated by adequate elements of the subgroups (1.11
1.12) and extended to the parameter spae of S˜Oe(2, d − 1), no longer preserve the
Poinaré domain, but preserve the innity of AdSd as a whole. For z = 0, (1.18)
redues to the speial onformal transformations in R
1,d−2
. The subgroups given by
(1.11) and (1.12) in the projetive oordinates xµ orrespond, respetively, to the a-
tions of the Poinaré and dilation subgroups on R
1,d−2
. Summing up, the isometry
group of the fundamental domain of AdSd (resp. AdSd) orresponds preisely to the
onformal group of (c)R1,d−2 (resp. ESUd−1).
1.2.2 Wedges in AdS and diamonds in the boundary
Let us onsider, in AdSd, the following ausally omplete region, alled (standard)
wedge (notation: W0):
W0 = {X ∈ R2,d−1 : η(X,X) = −R2 and Xd−1 > |X0|},(1.19)
or, in Poinaré oordinates (z, xµ):
(1.20) W0 = {(z, xµ) :
√
z2 + x · x < 1− |x0|, z < 1}.
Taking the limit z → 0, one noties that the intersetion of W0 with the onformal
boundary (notation: K0) is given by
(1.21) K0 = {xµ : |x| < 1− |x0|},
that is, K0 orresponds to a diamond (with spatial radius equal to 1) in R1,d−2.
A wedge in AdSd is the ausal ompletion of the orbit of a uniformly aelerating
observer. By formula 1.19, we see that suh orbits are given by the restrition to the
fundamental domain of AdSd of the boosts in the X
0 −Xd−1 plane:
X0 7→ X0 coshλ+Xd−1 sinh λ;
Xd−1 7→ X0 sinhλ+Xd−1 cosh λ;(1.22)
X 7→ X; Xd 7→ Xd, λ ∈ R.
In Poinaré oordinates, it's easier to visualize the transformation in the onformal
embedding of AdSd into ESUd. W0 is the xd−1 > 0 half of a diamond ontained in the
onformal embedding of R
1,d−1
into ESUd, with verties in I . (1.22) orresponds to
10
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the unique one-parameter subgroup of S˜Oe(2, d − 1) whih preserves this diamond.
The former's ation is symmetri under rotations around the axis determined by the
verties, and, restrited to the x0 − z plane, beomes
(1.23) z± 7→ z±(λ) .= (1 + z±)− e
−λ(1− z±)
(1 + z±) + e−λ(1− z±) , λ ∈ R,
where we've employed the light-one oordinates z±
.
= x0 ± z. The orresponding
isotropy subgroup for D0 is obtained, say, in the x0 − x1 plane by substituting x1 for
z and the light-one oordinates x±
.
= x0 ± x1 for z± in (1.23). The one-parameter
subgroup of SOe(2, d − 1) given by (1.23) orresponds to the onjugation (x, z) 7→
(K−1◦(eλ.)◦K)(x, z) of the dilation (x, z) 7→ (eλx, eλz) by the onformal transformation
K in R1,d−1 given by the omposition
W0 ∋ (x, z) .= (x0,x, z) 7→ K(x, z) .= I(x0 − 1,x, z)−
(
1
2
, 0, 0
)
,
where I is the relativisti ray inversion map. In this form, the rotational symmetry of
the formula (1.23) around the x0 axis, invoked above, beomes evident.
Finally, as a prelude to Setion 1.3, we shall pass to proeed in a oordinate-free
manner. Denoting the verties of D0 by p0 = (−1, 0) and q0 = (1, 0), we see that, if
AdSd is the onformal losure of AdSd, then (I
−(p0, AdSd)∩I+(q0, AdSd))∩AdSd = W0
and (I−(p0, AdSd)∩I+(q0, AdSd))∩I = (I−(p0,I )∩I+(q0,I )) = D0. More in general,
let us dene for p, q ∈ R1,d−2, p≪I q the wedge
(1.24) Wp,q
.
= (I−(p, AdSd) ∩ I+(q, AdSd)) ∩AdSd
and the diamond
(1.25) Dp,q
.
= (I−(p, AdSd) ∩ I+(q, AdSd)) ∩I = I−(p,I ) ∩ I+(q,I )
assoiated to p, q. In partiular, W0 = Wp0,q0 and D0 = Dp0,q0. Let us denote by u
λ
p,q
the one-parameter subgroup of isometries of AdSd whih preserve Wp,q and Dp,q, given
by (1.23) in the ase p = p0, q = q0. This subgroup is given by
uλp,q(x, z) = K
−1
p,q (e
λKp,q(x, z)), where(1.26)
Kp,q(x, z)
.
= K
(
Λp,q
(
x− x(p) + x(q)
2
)
, z
)
,
where Λp,q is the Lorentz boost around the origin whih makes the diretion
−−−−−→
x(p)x(q)
parallel to the x0 axis, and K is the map used to dene the isotropy subgroup (1.23)
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of W0 above. These one-parameter subgroups will play a key role in Chapters 2 and 4.
Let us make now the desription of the image of the onformal embedding of R
1,d−2
into ESUd−1 independent from the point hosen to represent the spatial innity of the
former. Let p ∈ M in(r). All null geodesis emanating from p will fous at a single
point of I , whih onstitutes the future endpoint of all ahronal null generators of
∂I+(p,I ). This point is denominated antipodal of p, denoted by p¯. The antipodal of
p has the following properties:
∂I+(p,I )r {p} = ∂I−(p¯,I )r {p¯};(1.27)
∂I+(p, AdSd)r {p} = ∂I−(p¯, AdSd)r {p¯}.(1.28)
I
q
p
p
M in(p)
p¯
Poi(p)
p¯
M
(a) (b)
Dp,q
Wp,q
Figure 1.2: (a) Correspondene between bulk wedges and boundary diamonds. (b) A Min-
kowski domain and the orresponding Poinaré domain.
Let us dene M in(p)
.
= Dp,p¯, the Minkowski domain to the future of p ∈ I .
This region orresponds to the onformal embedding of R
1,d−2
into I suh that p is
the future timelike innity of R
1,d−2
. Poi(p)
.
= Wp,p¯ orresponds to the domain of a
Poinaré hart in AdSd, hene alled the Poinaré domain to the future of p. We
shall extend the denitions (1.24) of a wedge and (1.25) of a diamond to all pairs of
points p≪I q suh that p, q ∈ M in(r) for some r ∈ I , with the same notation.
12
Geometry of AdSd: boundary onditions at innity
Remark 1.3 An equivalent way of haraterizing wedges Wp,q and diamonds Dp,q suh
that p, q ∈ M in(r) for some r ∈ I is the following: as ESUd−1 is globally hyperboli, it
follows that Dp,q is relatively ompat and, thus, globally hyperboli as well. It's possible,
then, to distinguish three possible situations:
1. There is no r ∈ I suh that p, q ∈ M in(r): in this ase, let us take r = p; it
follows that r¯ = p¯≪I q and, hene, Dp,q ontains a Cauhy surfae for I . In
partiular, the Cauhy surfaes of Dp,q are ompat and, more important, non
ontratible (for the denition of ontratibility, see Setion D.1, page 153).
2. p, q ∈ M in(r) for some r ∈ I : as here Dp,q an be understood as a diamond in
M in(r), the Cauhy surfaes of Dp,q are non ompat and ontratible.
3. p, q ∈ ∂M in(r) for some r ∈ I : this borderline ase inludes the Minkowski
domains themselves, and, by denition, Dp,q an then be obtained as the limit
Dp,q = limn→∞ Dp,qn =
⋃∞
n=1 Dp,qn, where one more we hoose r = p and
{qn}n∈Z+ ⊂ M in(r) is a sequene of points suh that qn n→∞−→ q and qn ≪I
qn+1 ≪I q for all n. In partiular, Dp,qn ∈ M in(rn), where rn ≪I r is su-
iently lose to r = p. The Cauhy surfaes of Dp,q are also nonompat and
ontratible.
We emphasize that by no means an ase 1 be inorporated by any limit of an inreas-
ing sequene of diamonds lying in ase 2, as in ase 3. Summing up, the olletion of
diamonds that interest us is the one omposed of diamonds with ontratible Cauhy
surfae. The diamonds within ase 2 are, in a ertain sense, dense in this olletion
 given any Dp,q with ontratible Cauhy surfae and any q′ ≪I q, no matter how
lose to q, we have that Dp,q′ is a diamond within ase 2.
The struture of ESUd−1 yet implies the following fats of great importane to us:
1. From (1.27) and (1.28), it follows that
(1.29)
Wq,p¯ = (Wp,q¯)
′
AdSd
and Dq,p¯ = (Dp,q¯)
′
I , ∀p, q ∈ M (r) for some r and p≪I q¯,
and, as a onsequene,
2.
(1.30) M in(r) = ({r¯})′I = ({r¯})′AdSd ∩I , Poi(r) = ({r¯})
′
AdSd
∩ AdSd.
3. The bijetion
(1.31)
ρAdSd : Wp,q 7→ ρAdSd(Wp,q) .= Dp,q, p, q ∈ M in(r) for some r and p≪I q,
denominated Rehren bijetion, preserves ausal omplements.
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4. The ation of S˜Oe(2, d−1) on I is transitive and preserves the ausal struture.
Hene, it ats transitively on the set of diamonds. As SOe(2, d−1) is the onformal
group of Minkowski spaetime, it follows that the former ats transitively on
the olletion of the diamonds ontained in some Minkowski domain.
5. As S˜Oe(2, d− 1) also preserves the ausal struture of AdSd, it also follows that
this group ats transitively on the set of wedges.
6. Every element of S˜Oe(2, d−1) an be obtained from a nite sequene of isometries
of the form (1.26) for a suitable family of diamonds / wedges within ases 2 and
3 of Remark 1.3, page 13.
The above onstrution, whih makes use only of the ausal relations in the on-
formal losure, onstitutes the geometrial framework of Rehren duality [Reh00℄, and
was employed in this oordinate-free form by Bousso and Randall [BR02℄ for study-
ing qualitative aspets of the AdS/CFT orrespondene.
1.3 AAdS spaetimes
Having srutinized with suient detail the struture of AdSd, we shall now pro-
eed with the general ase of our interest. Following the nomenlature of Appendix A,
onsider stably ausal spaetimes (M , g) endowed with onformal ompletion (M , g¯),
onformal innity (I , g¯(0)) and onformal fator z satisfying the onditions of Deni-
tion A.3 (page 117).
Definition 1.4 We say that (M , g) is an AdS-type spaetime id (I , g¯(0)) is a (d−1)-
dimensional Lorentzian manifold (or, equivalently, the ovetor normal to I , dz↾z=0, is
spaelike with respet to g¯) and dieomorphi to R× Sd−2. If, beyond that, g¯(0) belongs
to the onformal lass of the metri of ESUd−1, (M , g) is said to be asymptotially
AdS (AAdS).
Finally, a spaetime (M , g) endowed with onformal innity (I , g¯(0)) is said to be
loally AdS-type (resp. loally AAdS) if any p ∈ I has an open neighbourhood U in
the onformal ompletion (M , g¯) suh that (U , g¯↾U ) is isometri to a neighbourhood V
of q ∈ J , where J is the onformal innity of an AdS-type (resp. AAdS) spaetime.
The denition of loally AdS-type ad loally AAdS spaetimes omprises the exam-
ples of blak holes negative osmologial onstant (Shwarzshild-AdS, Reissner-
Nordström-AdS, Kerr-Newman-AdS, et.), not ontemplated by the denition of
AdS-type and AAdS spaetimes.
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With Denition 1.4 at hand, we dene in AAdS spaetimes the antipodal p¯ and
the Minkowski domain M in(p) to the future of p ∈ I exatly as in AdS, for these
denitions don't refer to the bulk geometry. More in general, we have the
Definition 1.5 Let (M , g) be a loally AdS-type spaetime with onformal innity
(I , g¯(0)), and p≪I q ∈ I suh that I+(p,M )∩I−(q,M ) is relatively ompat (hene,
globally hyperboli) and I+(p,I ) ∩ I−(q,I ) possesses ontratible Cauhy surfaes.
Let us denote the olletion of pairs (p, q) ∈ I 2 satisfying these onditions by D(I ).
The (bulk) wedge assoiated to p, q is the region
Wp,q = I
+(p,M ) ∩ I−(q,M ) ∩M ,
and the (boundary) diamond assoiated to p, q, the region
Dp,q = I
+(p,I ) ∩ I−(q,I ).
The past horizon ∂−Wp,q (resp. future horizon ∂+Wp,q) of Wp,q is given by
∂−Wp,q
.
= (∂I+(p,M )r {p}) ∩ I−(q,M ) ∩M ,
∂+Wp,q
.
= (∂I−(q,M )r {q}) ∩ I+(p,M ) ∩M ,
and the past horizon ∂−Dp,q (resp. future horizon ∂+Dp,q) of Dp,q, by
∂−Dp,q
.
= (∂I+(p,I )r {p}) ∩ I−(q,I ), ∂+Dp,q .= (∂I−(q,I )r {q}) ∩ I+(p,I ).
We denote by W (M , g)
.
= {Wp,q : (p, q) ∈ D(I )} the olletion of wedges in (M , g),
and D(M , g)
.
= {Dp,q : (p, q) ∈ D(I )}, the olletion of diamonds in (I , g¯(0)). The
Rehren bijetion assoiated to (M , g) is given by
ρ(M ,g) : W (M , g) −→ D(M , g)(1.32)
Wp,q 7→ ρ(M ,g)(Wp,q) .= Dp,q.
Notie that it's Remark 1.3 whih allowed us to naturally extend the denition of
wedges and diamonds to loally AdS-type spaetimes. If (M , g) is an AAdS spaetime,
the Poinaré domain to the future of r ∈ I oinides, as in the ase of Minkowski
domains, with the denition in the AdS ase: Poi(r)
.
= Wr,r¯.
The wedges in a loally AdS-type spaetime over preisely the region
I−(I ,M ) ∩ I+(I ,M ) ∩M .= W (I ),
alled domain of outer ommuniations of (M , g), whih is identied in several exam-
ples with the exterior of AAdS blak holes.
In Subsetion 1.3.1 below, we shall study the ausal, topologial and loalization
properties of ρ(M ,g), in terms of the null geodesis of AAdS spaetimes.
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1.3.1 Global geometry and null geodesis
1.3.1.1 Causality (bulk to boundary)
Einstein's stati universe I is globally hyperboli, and the orbits generated by the
subgroup of S˜Oe(2, d− 1) orresponding to time translations in AdSd (rotation of the
points of the hyperquadri (1.5), page 5, in the X0−Xd plane) orrespond to the lines
parallel to the ylinder
5
R× Sd−2, onstituting timelike geodesis whih maximize the
proper time between its points. Moreover, any point in I belong to a unique geodesi
of this family, and we an hoose a ommon parametrization to all these geodesis (de-
nominated time generators of I ) suh that the union of the points orresponding to
the same value of the ane parameter onstitute a Cauhy surfae.
With this, we an dene the (gravitational) time delay of a omplete null geodesi γ
in M , with endpoints in I : grosso modo, it represents how muh the future endpoint
of γ moves away from the antipodal of the past endpoint of γ, whih, in the AdS ase,
is the future endpoint.
First, we'll prove that, given ertain extra onditions, the gravitational time delay
of inextendible null geodesis is always positive (see Figure 1.3 for an illustration of the
result):
Theorem 1.3 (positive gravitational time delay) Let (M , g) be an AAdS
spaetime satisfying the following global fousing hypothesis: any inextendible null
geodesi possesses a pair of onjugate points (see in Appendix A the disussion that fol-
lows equation (A.14), page 110). Then, given p ∈ I , every inextendible null geodesi
in M with past endpoint p has, if any, future endpoint in I+(p,I ). A similar result is
valid if we exhange future with past, and I+(p,I ) with I−(p,I ).
Proof. Initially, we shall prove two Lemmata:
Lemma 1.4 (Absene of ausal shortuts) Let p, p′ ∈ I . If p ⊥I p′, then
there annot exist a ausal urve in (M , g¯) linking p to p′.
Proof. Suppose that p′ >M p (the opposite ase is treated in an
analogous way). We'll prove that the gravitational time delay implied
by the hypotheses of the Theorem ontradits the ausal disjointness of
p and p′ with respet to I . Denote by T (p′) the unique time generator
of (I , g¯(0)) ontaining p′.
Notie that ∂I+(p,I )
.
= Σ is a losed, ahronal hypersurfae, whih
uts (I , g¯(0)) in two disjoint open sets I+(p,I )
.
= A and I rI+(p,I )
5
The generator of this subgroup orresponds to 1/2(P 0 + K0) in a Minkowski domain, where
P 0 is the generator of translations along the diretion x0, and K0 the generator of speial onformal
transformations along the diretion x0.
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p
p¯
Poi(p)
p¯
M in(p)
q
Figure 1.3: Gravitational time delay. The null geodesis whih emanate from p ∈ I and
remain in I (full lines) fous at the antipodal p¯. Whereas in AdSd a null geodesi emanating
from p and traversing the bulk would also have p¯ as its future endpoint (dotted line), in an
AAdS spaetime satisfying the hypothesis of global fousing of Theorem 1.3 suh a geodesi
has future endpoint q ∈ I+(p,I ) (dashed/dotted line).
.
= B, and intersets eah time generator of I preisely one, for any
time generator has points in I+(p,I ) and I−(p¯,I ). By hypothesis,
p′ ∈ B. Moreover, T (p′) must ross Σ at some instant. Hene, there
exists a p′′ ∈ T (p′) suh that p′′ ≫I p′ and p′′ ∈ Σ. Let η be the null
generator of Σ whih ontains p′′. As the segment of η whih links p
to p′′ is null and ahronal, η is neessarily the fastest urve (I , g¯(0))
linking p to T (p′).
Now, onsider the ahronal boundary ∂I+(p,M ) = ∂J+(p,M )
.
= Σ.
Σ ∩ I is losed, ahronal and intersets eah time generator of I
at preisely one point, for every time generator possesses points in
I+(p,M ) and I−(p,M ), and Σ splits M in two disjoint open sets (from
the viewpoint of a manifold with boundary, of ourse) I+(p,M )
.
= A˙
and M r I+(p,M ) .= B˙. Thus, T (p′) needs to ross Σ at, say, p′′′.
One that p < p′ from the viewpoint of (M , g¯), we must have p′′′ ≪I p′
or p′′′ = p′. In both ases, we have p′′′ ≪I p′′, whih implies that the
null generator η¯ of Σ ontaining p′′′ is stritly faster than η. As η was
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the fastest urve in (I , g¯(0)) linking p to T (p′), η¯ neessarily traverses
M , whih ontradits the hypotheses of the Theorem, for η¯ must be
neessarily ahronal and, hene, annot have a pair of onjugate points
[BEE96, HE73, Wal84℄. 
Lemma 1.5 Let p, p′ ∈ I . If p′ ∈ ∂I+(p,I ) and p′ 6= p¯, then there annot
exist a null geodesi segment in (M , g¯) whih doesn't belong to I linking p to p′.
Proof. Let η the (neessarily unique) null generator of ∂I+(p,I )
linking p to p′. Suppose that there exists another null geodesi η¯
traversing mathscrM and liking p to p′. As (I , g¯(0)) is totally geodesi
by onstrution, it follows that η¯ neessarily inides at p′ transversally
to I . Hene, if we hoose any point p′′ in η after p′, then there exists
a broken future direted null geodesi segment linking p to p′′, whih
implies, on its turn, the existene of a timelike urve in (M , g¯) linking
p to p′′ [HE73℄.
Let T (p′′) the time generator of (I , g¯(0)) ontaining p′′. Now, onsider
Σ as in the previous Lemma. One again, T (p′′) must ross Σ, say, at
p′′′. Thus, neessarily p′′′ ≪I p′′. But this implies that, given that
(M , g¯) is (strongly) ausal, p ⊥I p′. This ontradits the result of
Lemma 2.1. 
Going bak to the proof of the Theorem, let γ a null geodesi segment ema-
nating from p, traversing M and with future endpoint p′ ∈ I . As we've assumed
that (M , g) is (strongly) ausal, one sees that p′ /∈ I−(p,M ). The Lemmata 1.4
and 1.5 imply that, if p′ is not dragged into I+(p,I ) by gravitational time delay,
then p′ = p¯, exatly as in the ase of AdSd. However, even in this ase, the pres-
ene of a pair of onjugate points in γ implies that there exists a timelike urve
traversing the bulk and linking p to p′ = p¯. Repeating the argument of Lemma
1.5, the result follows. The proof for the ase with reverse time orientation is the
same. 
Remark 1.6 The method used in the proof is similar to the one of the positive mass
theorem for asymptotially at spaetimes due to Penrose, Sorkin and Woolgar
[PSW93℄, and for AAdS spaetimes by Woolgar [Woo94℄ and Page, Surya and
Woolgar [PSW02℄. A proof of a result similar to Theorem 1.3, employing a somewhat
dierent strategy, was proposed by Gao and Wald [GW00℄.
The ondition stated in Theorem 1.3 about the global fousing of null geodesis
exerts a ruial role in the latter's proof, for the omnipresene of pairs of onjugate
points exlude presene of null lines, i.e., omplete ahronal null geodesis. This omes
from the fat that, given a pair of onjugate points p < q in a null geodesi γ, any point
r > q, resp. r < p satises p ≪ r, resp. q ≫ r. More preisely, the proof of Theorem
1.3 onsists in showing that, in all possible instanes of violation of the assertion, it's
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possible to onstrut a null line traversing the bulk. Suh a situation sharply ontrasts
with the AdSd ase, one that in the latter all null geodesis emanating from p and
traversing the bulk meet at p.
This fousing ondition is valid if, for instane, the Einstein equations without
matter (1.1) are satised everywhere, for these imply the validity of the null energy
ondition (NEC) Ri(g)abk
akb ≥ 0 for all lightlike ka, and if the so-alled null generi
ondition is satised by all inextendible null geodesis (see [BEE96℄ for a disussion
on this latter ondition). Roughly, this last ondition is neessary so that the null
expansion of ∂I+(p,M ) ∩ M eventually beomes negative at eah one of its genera-
tors  the Rayhaudhuri equation (A.7) and NEC, then, take are of showing that
there exist two onjugate points in the maximal extension of eah generator (see in Ap-
pendix A the disussion following the formulae (A.11), page 110, and (A.23), page 113).
The violation of the null generi ondition suggests a ertain geometrial rigidity
for null hypersurfaes having suh a property. That this intuition is justied at global
level, it an be seen in the following results:
Theorem 1.6 (Geometrial Maximum Theorem [AGH98a, Gal00℄) Let S1
be a future null hypersurfae (i.e., whose (future) null generators are future inex-
tendible) and S2 a past null hypersurfae (i.e., whose (past) null generators are past
inextendible). Suppose that:
1. S1 and S2 possess a ommon point p ∈ M and S2 nds itself in the future side
of S1 in a neighbourhood of p;
2. S1 has null expansion θ1 > 0 (see in Appendix A the disussion immediately
preeding formula (A.9), page 109) in the sense of supports
6
suh that the set of
seond null fundamental forms of the support hypersurfaes S,ǫ is bounded below;
3. S2 possesses expansion θ2 ≤ 0 in the sense of supports,
then S1 and S2 oinide in a neighbourhood O of p. Moreover, S1 ∩O = S2 ∩O is a
null C∞ hypersurfae with expansion θ = 0. 
6
Given a future null C 0 hypersurfae S and p ∈ S , a future (resp. past) support hypersurfae
for S at p is a future (resp. past) null C∞ hypersurfae Sp possessing a null geodesi segment,
ontaining p in its interior and loalized in the future (resp. past) side of S in a neighbourhood of
p. We analogously dene support hypersurfaes for past null C 0 hypersurfaes. We say that a future
(resp. past) null C 0 hypersurfae S possesses expansion θ ≥ 0 (resp. ≤ 0) in the sense of supports
if, for any p ∈ S , ǫ > 0, there exists a past (resp. future) support hypersurfae Sp,ǫ for S at p suh
that the expansion θp,ǫ of Sp,ǫ satises θp,ǫ(p) ≥ −ǫ (resp. ≤ +ǫ). Support hypersurfaes onstitute a
way of studying the expansion of non dierentiable null hypersurfaes due to the presene of austis,
as in for instane ahronal boundaries, blak hole horizons, et..
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The proof of Theorem 1.6 onsists in denoting S1 and S2 loally by the graph
of a Lipshitz funtion, and, in these oordinates, rewriting the null expansion as a
quasilinear ellipti operator of seond order, similar to the mean urvature operator
when the former is presribed in a odimension-one Riemannian submanifold, and
for whih there are maximum priniples (see, for instane, [AGH98a, GT98℄). From
Theorem 1.6, it follows the
Theorem 1.7 (Null Splitting Theorem [Gal00℄) Let (M , g) be a spaetime en-
dowed with null geodesi ompleteness and whose Rii tensor satises NEC every-
where. If M has a null line γ, then γ belongs to an ahronal, edgeless and totally
geodesi null hypersurfae, i.e., any geodesi tangent to this hypersurfae at any point
belongs to the latter in a neighbourhood of this point. 
Returning to our study, another fundamental dierene between AdS spaetimes
and generi AAdS spaetimes is expressed by the following Proposition, whih in
partiular implies that the olletion of wedges in an AAdS spaetimes may not be
losed under ausal omplements, albeit the Rehren bijetion still preserves ausality
in this ontext. More preisely, we have W ′p,q¯ ∩W ′q,p¯ 6= ∅ (see Figure 1.4), due to the
Proposition 1.8 (Seond Law of Dynamis of AAdS Wedges) Let (M , g) be
an AAdS spaetime satisfying the NEC Ri(g)kakb ≥ 0 for any lightlike vetor ka and
the onditions of Theorem 1.3. Dene Ξ+p
.
= ∂I+(p,M )r{p, p¯} and Ξ−p¯ .= ∂I−(p¯,M )r
{p, p¯}. Then:
(i) Ξ+p ∩ I−(p¯,M ) = Ξ−p¯ ∩ I+(p,M ) = ∅.
(ii) Ξ+p ∩ Ξ−p¯ ∩M = ∅.
Proof. (i) We know that Ξ+p ∩ I = Ξ−p¯ ∩I , then let's onentrate only at
the bulk. Namely, suppose that there exists q ∈ M suh that q ∈ Ξ−p¯ and q /∈ Ξ+p .
If q ≫ p, this ontradits the fat that there is no timelike urve linking p to p¯.
Repeat the argument exhanging past with future, and the roles of p and p¯.
(ii) Suppose that Ξ+p and Ξ
−
p¯ oinide at some point q ∈ M . We know that
(a) S1
.
= Ξ−p¯ ∩ M is a future null C 0 hypersurfae, and S2 .= Ξ+p is a past
null C 0 hypersurfae. Taking any q2 ≤ q ≤ q1 with qi ∈ Si, i = 1, 2, we
see that ∂I−(q1,M ) ontains a past support hypersurfae S− for S1 at q and
∂I+(q2,M ), a future support hypersurfae S+ for S2 at q. Using the hypothesis
that Ri(g)abk
akb ≥ 0 for any null vetor ka, we an invoke the Rayhaudhuri
equation (A.7) (page 108) and, realling that the null geodesi ongruenes given
by S− and S+ have torsion ω+ab = ω−ab = 0, show that − 1θ2
−
dθ−
dλ−
≤ − 1d−2 and
− 1
θ2+
dθ+
dλ+
≥ + 1d−2 , where λ± is an ane parametrization of the null geodesis γ±
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respetively in S2 and S1 suh that γ±(0) = q, γ−(λ) = q2 and γ+(λ) = q1, for
some λ > 0. Hene it follows that θ−(p) ≥ −d−2λ and θ+(p) ≤ d−2λ . Taking q2
suiently lose to p and q1 suiently lose to p¯,we an take λ arbitrarily large.
Thus, (b) S1 and S2 satisfy θ2 ≤ 0 ≤ θ1 in the sense of supports. Hene, we
onlude from (a), (i) and (b) that S1 and S2 satisfy the hypotheses of Theorem
1.6 and, as a onsequene, both oinide in a neighbourhood of q, where they
form a null C∞ hypersurfae with zero expansion. This implies that Ξ+p and Ξ
−
p¯
must oinide along a null geodesi ontaining q and hene traversing the bulk.
In this ase, γ must possess p as past endpoint and p¯ as future endpoint. But
this geodesi belongs to an ahronal boundary, and thus it must be ahronal,
ontraditing the hypotheses of Theorem 1.3. 
Remark 1.7 Notie that, before we invoke the hypothesis of global fousing of Theorem
1.3 in the proof of (ii), we've seen that, one more, one produed a null line γ ontained
in Ξ+p and Ξ
−
p¯ . In the moment that we invoked Theorem 1.6, if (M , g) were asymptot-
ially simple, we ould have gone even further: by the Null Splitting Theorem 1.7, the
null hypersurfae whih ontains the null line in M linking p to p¯ has no boundary,
whih would be onstituted by the endpoints of ∂I+(p,M ) and ∂I−(p¯,M ) if it existed.
Thus, it follows from null geodesi ompleteness of (M , g) that ∂I+(p,M ) = ∂I−(p¯,M )
is C∞ and totally geodesi with respet to g.
An important onsequene of Proposition 1.8 is that the fousing ondition auses
a nontrivial shrinking of AAdS wedges towards onformal innity, as we an see in
Figure 1.4  see the disussion at the end of Chapter 2 for a dynamial interpretation of
this phenomenon, whih explains the why of our denominating this Proposition Seond
Law of Dynamis of AAdS Wedges.
1.3.1.2 Simple onnetedness (bulk versus boundary)
We shall ite now, for ompleteness, two results whih show that every wedge
Wp,q ∈ W (M , g) in a loally AdS-type spaetime (M , g), satisfying ertain additional
onditions, is simply onneted if Dp,q is (for instane, wedges ontained in a Poinaré
domain of an AAdS spaetime). More preisely, any ausal urve in the bulk with end-
points p and q is homotopi to a ausal urve in I linking p to q. Summing up,
the topology of Wp,q is determined by the topology of Dp,q, showing that any wedge
Wp,q ∈ W (M , g) is ontratible.
This is a partiular ase of topologial ensorship  the topology of the region exterior
to the event horizon of a blak hole is determined by the topology of I  proven in
the present ontext by Galloway, Shleih, Witt and Woolgar [GSWW99℄.
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W ′q,p¯ ∩W ′p,q¯
Figure 1.4: Eet of gravitational time delay (whose eet on null geodesis is exemplied by
the dotted lines in the longitudinal ut (b) of (a)) on wedges and their ausal omplements
in AAdS spaetimes. Whereas in AdSd the ausal omplement of the wedge Wp,q¯ is the wedge
Wq,p¯ (red), the ausal omplements of both wedges (respetively green and blue) are no longer
wedges in AAdS spaetimes satisfying the onditions of Proposition 1.8 and, hene, of Theorem
1.3, and in suh a way that the open region W ′p,q¯ ∩W ′q,p¯ 6= ∅ is nonvoid, whih annot happen
in AdSd.
Theorem 1.9 (Galloway, Shleih, Witt and Woolgar [GSWW99℄) Let
(M , g) be a loally AdS-type spaetime suh that (M , g¯) is globally hyperboli and I
possesses a onneted omponent I0 with a ompat spaelike ut.7 Suppose that any
future omplete null geodesi γ in (M , g¯) emanating from some p = γ(0) in a neigh-
7
Given a (onneted) manifold M , a ut is a hypersurfae without boundary Σ suh that M rΣ
has two onneted omponents.
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bourhood of I0 satises
∫ +∞
0
Ri(g¯(γ(λ)))abγ˙
a(λ)γ˙b(λ)dλ ≥ 0. Then, there is no fu-
ture ausal ommuniation of I0 through M with any other omponent of I , i.e.,
J+(I0,M ) ∩ (I rI0) = ∅. 
Theorem 1.9 splendidly omplements Lemma 1.4, employed in the proof of Theorem
1.3. Using Theorem 1.9 and overing spae arguments [GH81, O'N83℄, one an nally
prove the following topologial ensorship theorem:
Theorem 1.10 (Galloway, Shleih, Witt and Woolgar [GSWW99℄) Let
(M , g) be a loally AdS-type spaetime suh that (W (I ) ∪ I , g¯ ↾W (I )∪I ) is globally
hyperboli and I possesses a ompat spaelike ut. Suppose that any future omplete
null geodesi γ in (M , g¯) emanating from some p = γ(0) in a neighbourhood of I
satises
∫ +∞
0
Ri(g¯(γ(λ)))abγ˙
a(λ)γ˙b(λ)dλ ≥ 0. Then any ausal urve γ : (0, 1) →
W (I ) with endpoints γ(0), γ(1) ∈ I is xed endpoint homotopi to a urve γ0 :
[0, 1]→ I (see AppendixD). 
It follows immediately from Theorem 1.10 the ontrativity of Wp,q for p, q ∈ D(I ).
In partiular, if p, q ∈ D(I ) are the endpoints of γ in Theorem 1.10, we an hoose γ0
hronologial.
1.3.1.3 Loalization (boundary to bulk)
Throughout this Subsubsetion, it'll be assumed that (M , g) is an asymptotially
simple AAdS spaetime satisfying the hypotheses of Theorem 1.3.
Knowing the loalization of the physial proedures in wedges may not be enough
for the omplete reonstrution of the bulk quantum theory in the ontext of Chapter 4,
only by employing boundary information and the Rehren bijetion ρ(M ,g) introdued
by Denition 1.5. We need to be able to speify the loalization of physial proedures
in arbitrarily small open sets, or, whih amounts to the same thing, its loalization
with respet to a base for the bulk topology. This an be ahieved, in priniple, by
taking intersetions of wedges, but it's by no means lear whether this results in a base
or not. One thus needs to make this rough idea more preise.
It's known that, for strongly ausal spaetimes, the topology generated by diamonds
(Alexandrov topology) oinides with the manifold topology [BEE96℄. Hene, in
AdS, the above question has a positive answer, for any diamond in AdSd an be en-
veloped by wedges: given
(1.33) Op,q
.
= I+(p, AdSd) ∩ I−(q, AdSd), p≪AdSd q,
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we an write
(1.34) Op,q =
⋂
r∈∂I−(p,AdSd)∩I ,
s∈∂I+(q,AdSd), r,s∈Min(u)
Wr,s.
We shall see soon that the ahronality of inextendible null geodesis in AdSd is
tantamount for a preise envelope, whereas in an asymptotially simple AAdS spaetime
satisfying the hypotheses of Theorem 1.3, the question is more deliate, beause of the
following
Proposition 1.11 Let p ∈ M . Then, ∂I+(p,M ) intersets eah time generator of
(I , g¯(0)) preisely one.
Proof. Due to the ahronality of ∂I+(p,M ), the latter intersets eah time
generator of (I , g¯(0)) at most one. Suppose that the assertion is false. Then,
given a time generator T , we have the following possibilities:
(i) T ⊂ I+(p,M )  Consider a omplete null geodesi γ rossing p, and let q be
the past endpoint of γ. Then there exists a value t of the ane parameter of
T suh that T (t) ≪I q. Hene, T (t) ≪M p, whih is absurd sine (M , g¯)
is hronologial.
(ii) T ∩ J+(p,M ) = ∅  Consider a omplete null geodesi γ rossing p, and
let r the future endpoint of γ. Then there exists a value t of the ane
parameter of T suh that T (t)≫I r. Hene, T (t)≫M p, ontraditing the
hypothesis.

Proposition 1.12 Let q, r ∈ M suh that r ∈ ∂I−(q,M ), and γ a null generator of
∂I−(q,M ) to whih r belongs. Let s1(r), s2(r), s3(r) ∈ I dened as follows:
• s1(r) is the future endpoint of γ;
• s2(r) is the point where ∂I+(q,M ) intersets the time generator of T (s1(r)) to
whih s1(r) belongs;
• s3(r) is the point where ∂I+(r,M ) intersets T (s1(r)).
Then:
(i) s3(r) ≤I s2(r) ≤I s1(r).
(ii) s3(r) = s2(r) = s1(r) if and only if the segment of γ linking r to s1(r) is ahronal.
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Proof. (i) Immediate, as (ii) ⇒. It remains only to prove (ii) ⇐. Namely,
suppose that s3(r) oinides with s2(r). Then the null geodesi segment linking q
to s2(r) must belong to γ, for otherwise there would exist a broken null geodesi
segment linking r to s3(r), ontraditing the denition of the latter (this, in
partiular, proves that s1(r) = s3(r) even if we only assume s2(r) = s3(r)). If γ is
not ahronal, one again we have a ontradition with the denition of s3(r). 
Remark 1.8 Results analogous to Propositions 1.11 and 1.12 are valid if we exhange
future with past.
Now, let Op,q ⊂ M be onwards a relatively ompat diamond possessing a on-
tratible Cauhy surfae  any suiently small diamond satises both onditions.
Let us then onsider the region
(1.35) Qp,q =
⋂
r∈∂I−(p,M)∩I ,
s∈∂I+(q,M)∩T (r)
Wr,s.
IT follows naturally from this denition that Qp,q ⊃ Op,q, is ausally omplete, as
it's an intersetion of ausally omplete regions, and
(1.36) Qp,q ∩ J+(q,M ) = Qp,q ∩ J−(p,M ) = ∅.
In AdSd, Qp,q = Op,q. For asymptotially simple AAdS spaetimes satisfying the
as hypotheses of Theorem 1.3, however, it may happen that Qp,q % Op,q. Analogously,
dening Ep,q
.
= ∂I+(p,M ) ∩ ∂I−(q,M ), let's start from
(1.37) Q˜p,q =
⋂
r∈Ep,q
Ws′3(r),s3(r),
where s′3(r) orresponds to s3(r) if we exhange future with past in the statement of
Proposition 1.12. Here, Q˜p,q ⊂ Qp,q is one more ausally omplete, if nonvoid. How-
ever, is the metri deep inside the bulk is suiently distorted, making a suient
number of null generators of, say, ∂I−(q,M ) to aquire pairs of onjugate points be-
tween Ep,q and I , for all we know (Proposition 1.12, page 24) Q˜p,q an very well be
empty. This is suggested by the following remarks:
1. In a ausally simple spaetime, any relatively ompat diamond Op,q is a globally
hyperboli region, for whih any Cauhy surfae possess boundary Ep,q;
2. Any ausally omplete region U possesses the following property: if S ⊂ U
losed, ahronal set with respet to U , then D(S ) ⊂ U .
25
1. AAdS Geometry
Both remarks together show that, if r ∈ Ep,q is suh that a null generator of, say,
∂I−(q,M ) rossing r aquires a pair of onjugate points between r and s1(r), then, by
ausal simpliity, there exists a neighbourhood of q ausally disjoint from s3(r), and,
thus, I−(s3(r),M ) annot ontain a Cauhy surfae for Op,q. Sine, on the other
hand, this doesn't exlude the possibility that Q˜p,q may ontain points outside Op,q
either, it's by no means lear whether the olletions of Qp,q's and Q˜p,q's produe bases
for the topology of M or not.
A way of irumventing these problems ould be to restrit our onsiderations to
suiently small diamonds, suh that no null generator of ∂I+(q,M ) an pursue long
enough a path beyond q whih allows it to aquire a pair of onjugate points. There is,
however, a situation in whih no matter how small the extension, it will always ease
to be ahronal: it's when q itself is onjugate to s1(r). In this limit ase, s1(r) = s2(r)
but s2(r) 6= s3(r).
We'll show now that the key for the end of these problems is trying to build a re-
gion similar to Q˜p,q, but employing, instead of the points s3(r), s′3(r) for r ∈ Ep,q, the
points for whih the problem above, implied by Proposition 1.12, is, in a ertain sense,
minimized. In order to undertake suh a task and hene optimize our onstrution,
we shall start from a dierent viewpoint, whih will end up showing that the ritial
situation mentioned in the former paragraph is exluded by null geodesi ompleteness.
First, notie that, by means of an argument analogous to the one employed in [HE73℄
and [Wal84℄ to prove the existene of a topologial (Lipshitz) manifold struture for
ahronal boundaries, one an show that Ep,q is loally the graph of a loally Lipshitz
funtion with values in R with d − 2 arguments, and thus an ahronal, ompat topo-
logial (Lipshitz) submanifold embedded into M , with odimension two. Notie as
well that one an parametrize in a C∞ way the family of time generators of (I , g¯(0))
by means of a Cauhy surfae S of the latter, homeomorphi to Sd−2 and hene
also ompat. Let t be the ane parameter ommon to the time generators of (I , b)
mentioned above, and Fp,q some Cauhy surfae for Op,q, whose boundary (edge) is
of ourse Ep,q. Dene impliitly the funtions
(1.38) τ± : Fp,q ×S ∋ (r, θ) 7→ τ±(r, θ) ∈ R,
where
(1.39) ∂I±(R,M ) ∩ T (θ) = {T (θ)(τ±(r, θ))}.
Proposition 1.11 shows that the denition of τ± is not empty. Moreover:
Proposition 1.13 τ+ (resp. τ−) is upper (resp. lower) semiontinuous in r at xed
θ.
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Proof. We'll just prove it for τ+  the result for τ− follows analogously. Let
ǫ > 0. r belongs to the hronologial past of the point T (θ)(τ+(r, θ)+ǫ), and thus
there exists an open neighbourhood U of r in Fp,q (with respet to the relative
topology) whih stays in the hronologial past of T (θ)(τ+(r, θ) + ǫ). Hene, for
all r′ ∈ U , we must have τ+(r′, θ) < τ+(r, θ) + ǫ. 
One may yet prove that τ± are loally Lipshitz in θ for xed r, but this won't
be used in what follows. The funtion τ+(., θ) (resp. τ−(., θ)) will be alled future
(resp. past) Fermat potential with respet to θ.8 The name is reminisent from the
Huygens-Fermat priniple in geometrial optis (see, for instane, pages 249-250 of
[Arn89℄ for a beautiful proof). Sine Ep,q = ∂Fp,q as well as Fp,q are losed subsets of the
ompat set Op,q, they are themselves ompat. It then follows from a standard result
in Analysis (see, for instane, pages 110-111 of [KF75℄) that τ+(., θ) (resp. τ−(., θ))
possesses a maximum (resp. minimum) in Fp,q as well as in Ep,q. The next Theorem
shows that ±τ±(., θ) has, indeed, a typial property of potentials:
Theorem 1.14 (Maximum / minimum priniple for Fermat potentials) The
maximum (resp. minimum) value of τ+(., θ) (resp. τ−(., θ)) in Fp,q is attained in Ep,q.
Proof. As done in the proof of Proposition 1.13, we shall just prove the
result for τ+. Let r be a point of Ep,q where τ
+(., θ) attains its maximum in
Ep,q, and let r
′
be a point of Fp,q suh that τ
+(r′, θ) ≥ τ+(r′, θ). In this ase,
it's obvious that Ep,q belongs to the ausal past of T (θ)(τ
+(r′, θ)). Pik a urve
segment in Fp,q starting in r
′
, initially pointing outside J−(T (θ)(τ+(r′, θ)),M )
and terminating at some point of Ep,q. Then any suh urve segment must ross
∂I−(T (θ)(τ+(r′, θ)),M ) at least one more after r′, and before (or when) hitting
Ep,q. This shows that ∂I
−(T (θ)(τ+(r′, θ)),M )∩Fp,q ontains an open subset X
of Fp,q outside the ausal past of T (θ)(τ
+(r′, θ)).
The rest of the proof is analogous to the proof of Penrose's singularity the-
orem [HE73, Wal84℄: namely, we'll show that the properties of ∂X imply the
existene of an inomplete null geodesi in (M , g). First, we shall show that
the losed, aausal set ∂X = ∂I−(T (θ)(τ+(r′, θ)),M ) ∩Fp,q is past trapped, i.e.,
∂I−(X,M ) is ompat. The past null geodesis entering ∂X onstitute the
past Cauhy horizon of X, whih is hene ontained in Op,q and, thus, om-
pat, for it's losed. The outgoing null geodesis are preisely the null genera-
tors of ∂I−(T (θ)(τ+(r′, θ)),M ) whih ross ∂X. Let us adopt a ommon ane
parametrization for the null generators of ∂I−(T (θ)(τ+(r′, θ)),M ) suh that the
zero of the ane parameter orresponds to ∂X. Then let t0 the largest value
of the ane parameter for whih a past endpoint of ∂I−(T (θ)(τ+(r′, θ)),M )
is attained. This value must be nite, for any inextendible null geodesi must
8
Atually, τ± also depend on the hoie of foliation of I by Cauhy surfaes, but suh a depen-
dene is irrelevant for the use we'll make of τ± and will be ignored.
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aquire a pair of onjugate point before hitting innity, though the value of
the ane parameter in a past endpoint of the null generator segment start-
ing, say, in r′′ ∈ ∂X an be zero if r′ happens to be a past endpoint him-
self. Anyway, the portion of ∂I−(T (θ)(τ+(r′, θ)),M ) in the ausal past of ∂X,
being losed, has a losed inverse image in the ompat [0, t0] × ∂X by the
parametrization hosen for the null generators, and is thus ompat. Hene, the
set ∂I−(∂X,M ) = H−(X) ∪ ∂X ∪ (∂I−(T (θ)(τ+(r′, θ)),M ) ∩ J−(∂X,M )) is a
ompat, ahronal subset of M , as stated.
However, any ausally simple spaetime is stably ausal [BEE96℄. That is, one
an foliate M in a C∞ manner by onstant-time spaelike, odimension-one
hypersurfaes. Due to the struture of onformal innity, these surfaes annot
be ompat. Moreover, eah timelike orbit of this foliation rosses an ahronal
set at most one. Following these orbits, one an ontinuously map ∂I−(∂X,M )
into a spaelike leaf. As the image of this map is ompat, it must have a nonvoid
boundary. It's, on the other hand, known that a set of the form ∂I−(Y,M ), Y ⊂
M is a topologial submanifold without boundary of M . This shows that some
null generator of ∂I−(T (θ)(τ+(r′, θ)),M ) must hit a singularity before reahing
its past endpoint. But this enters into onit with the null geodesi ompleteness
of M̂ , implied by asymptoti simpliity. Hene, no point of Fp,q an attain a
maximum for τ+(., θ) in Fp,q  the former is always reahed in Ep,q. 
Proposition 1.13 and Theorem 1.14 together show that, for eah θ, there is always
a r ∈ Ep,q suh that, given any Cauhy surfae Fp,q for Op,q, the set Fp,q always stays
in the ausal past of T (θ)(τ+(r, θ)). By Proposition 1.12 and the above remarks, this
an only happen is the ahronal null geodesi segment γ(r, θ) linking r to T (θ)(τ+(r, θ))
rosses q. Hene, this maximum point is unique: suppose otherwise. Then, there would
exist another r′ ∈ Ep,q suh that there is an ahronal null geodesi segment γ(r′, θ) link-
ing r′ to T (θ)(τ+(r′, θ)) = T (θ)(τ+(r, θ)) and rossing q. Now, onsider the urve
segment γ′(r, θ), whih oinides with γ(r, θ) from r to q, and oinides with γ(r′, θ)
from q to T (θ)(τ+(r, θ)). This segment is neessarily broken, whih onits with the
ahronality of γ(r, θ). Exhanging the roles of r and r′, one an see that this argument
also enters in onit with the ahronality of γ(r′, θ).
Let us notie, however, that an arbitrary r ∈ Ep,q need not maximize τ+(., θ) for
some θ. The two situations where this indeed annot our are:
1. r is onjugate to q along a null generator of ∂I−(q,M )  any future extension of
this generator beyond q won't be ahronal;
2. q is onjugate to s2(r) along a null generator of ∂I
+(q,M ), by the remarks made
above.
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The seond instane, on the other hand, is exluded by our line of reasoning, for
it makes impossible, by Proposition 1.12 and by Theorem 1.14, that τ+(., θ) attains a
maximum in Ep,q. This annot our, sine for eah θ a maximum must exist by Propo-
sition 1.13. The rst instane an be irumvented if we pik Op,q ontained, say, in a
onvex normal neighbourhood, whih an always be done, as here (M , g) is strongly
ausal. One an go beyond that and take Op,q suiently small (albeit nonvoid) in a
way that r ∈ Ep,q is a maximum of τ+(., θ) for some θ, for the only obstale to this
would be the seond instane above, exluded by the argument here presented. All
these results possess a past ounterpart, if we swith q with p and τ+ with τ−.
Summing up, we've shown that any suiently small Op,q an always be preisely
enveloped by wedges. In this ase, any point that doesn't belong to Op,q belongs either
to the hronologial future of ∂I−(q,M ) or to the hronologial past of ∂I+(p,M ),
and, as suh, will fail at belonging to any wedges enveloping Op,q. As the points in
∂Op,q are automatially exluded from the intersetion by onstrution, one onludes
that Op,q = Qp,q for Op,q suiently small. Moreover, in this situation, eah wedge in
the denition (1.35) of Qp,q is guaranteed to be ontained in some Poinaré domain.
Notie yet that the proedure we've proposed allows as well to envelope the regular
diamonds (if suiently small) dened in [GLRV01℄.
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Chapter 2
Dynamis and time evolution
Beause I know that time is always time
And plae is always and only plae
And what is atual is atual only for one
time
And only for one plae
T. S. Eliot
I. Beause I do not hope to turn again
(Ash-Wednesday, 1930)
One has made extensive use of the global struture of AAdS spaetimes in Chapter 1,
but the Einstein equations have exerted a minor role in these developments. However,
it has beome lear along the previous Chapter that nontrivial geometries in the bulk of
an AAdS spaetime provoke a distortion of the ausal struture in the large, whih, thus,
must be notieable from the viewpoint of a theory of loal observables at the boundary.
Hene, it's highly desirable to establish a more quantitative onnetion between these
eets and the very gravitational dynamis, sine Maldaena's onjeture and many
of its onsequenes involve gravitational eets in an essential way.
2.1 Variational approah to lassial gravity.
Coneptual foundations
The Einstein equations (1.1) are obtained in the Lagrangian approah by means
of the Einstein-Hilbert variational priniple: for any ompat set K ⋐ M with
pieewise C∞ boundary (or, more generally, we assume that the set of non dierentiable
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points of ∂K have zero (d− 1)-dimensional Lebesgue measure), the ation funtional
(2.1) SK [g]
.
=
1
16πGd
∫
K
(R(g) + 2Λ)︸ ︷︷ ︸
.
=LΛ(g);
√
|g|dx (1)
is stationary for arbitrary variations of g around a solution of the variational problem,
supported in the interior of K. Namely, a nite variation of g is obtained from a C∞
urve of metris gλ, λ ∈ (−1, 1), whih dier from g in a ompat set K1 ⊂ int(K) and
suh that g0 = g. The orresponding innitesimal variation (= tangent vetor) around
g is given by δg = d
dλ
|λ=0gλ. The orresponding variation in (2.1) is given by
(2.2)
(δSK)[g, δg] =
∫
K
∇a (∇bδgab − gcd∇aδgcd)︸ ︷︷ ︸
.
=θa(g,δg);
+
(
Riab − 1
2
Rgab + Λgab
)
δgab
√|g|dx,
where the rst term of the right hand side is the divergene of the Hodge-dual 1-
form to the (d−1)-form θa1
√
| det g|
[a1···ad]
, whih vanishes in ∂K for the lass of varia-
tions onsidered. The seond term is the Einstein tensor G(g)ab
.
= Ri(g)ab− 12R(g)gab,
plus the osmologial onstant part Λ. Hene, we have the Einstein equations (1.1).
Let us notie that the use of a ompat domain of integration K reets the fat that
the variational priniple that leads to 1.1 is inherently loal, as any eld theory.
We end this Setion here emphasizing that, for any vetor T a, the expression(
Ri(g)ab − 12R(g)gab + Λgab
)
T b doesn't have seond order derivatives in diretion of
T a. If T a is timelike, thus determining (loally) a time ow, we see that the om-
ponents
(
Ri(g)ab − 12R(g)gab + Λgab
)
T b = 0 of the Einstein equations are atually
onstraints, expressing the symmetry of the latter under general oordinate transforma-
tions (passive viewpoint) or, equivalently in mathematial terms, under loal dieomor-
phisms (ative viewpoint). The physial meaning of this fat, aording to Einstein,
is that gravity doesn't have an intrinsi notion of (dynamial) time evolution, for the
very hoie of time oordinate is a symmetry  suh a hoie must, hene, be made by
means of a onrete physial proedure, in suh a manner that the physial laws whih
rule suh proedures in our gravitational bakground are independent of this hoie.
There are two ways to do this: one loal  by the speiation of a nontrivial energy-
momentum tensor  and the other global, if the metri beomes lose to some xed
bakground geometry at suiently long distanes, for whih suh hoie an be made
naturally. The latter irumstane inludes preisely the ase of AAdS spaetimes.
1Gd is the d-dimensional Newton onstant; heneforth, we hoose units Gd = (16π)
−1
, so as the
numerial fator multiplying the right hand side of (2.1) beomes equal to one.
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In the next Setion, we'll make use of this fat to explore in detail the geometry of
(loally) AAdS spaetimes near onformal innity.
2.2 The Fefferman-Graham expansion
Let us onsider the ase of AdS-type spaetimes (M , g) as in Denition 1.4, whene
we adopt the notation. Let's now srutinize the form of the solutions of (1.1) for suh
spaetimes in a ollar neighbourhood U ǫ ∼= I × [0, ǫ) ∋ (x, z), ǫ > 0, of I in M .
This will be made by means of the asymptoti expansion obtained by Fefferman and
Graham [FG85℄, whose dedution we present below. In the subsequent argument, we
losely follow [HIM05℄ and, in a smaller measure, [Gra00, GL91, HSS01℄.
An equivalent way of writing (1.1) is diretly in terms of the Rii tensor, resulting
in
(2.3) Ri(g)ab =
2Λ
d− 2gab.
Invoking now the formula (A.25) of the onformal transformation of Ri(g) into
Ri(g¯), g¯ = z2g
Ri(g)ab = Ri(g¯)ab +
d− 2
z
∇¯a∇¯bz + g¯abg¯cd
(
1
z
∇¯c∇¯dz − d− 1
z2
∇¯cz∇¯dz
)
,
we have the expression of (2.3) in terms of g¯
(2.4) Ri(g¯)ab +
d− 2
z
∇¯a∇¯bz + g¯abg¯cd
(
1
z
∇¯c∇¯dz − d− 1
z2
∇¯cz∇¯dz
)
=
2Λ
(d− 2)z2 g¯ab.
Notie, in partiular, that if we multiply (2.4) by z2 and take z = 0, it follows that
dz neessarily satises
(2.5) g¯−1(dz, dz)↾I = − 2Λ
(d − 1)(d− 2) =
1
R2
,
where R is the AdS radius of (M , g), dened in Chapter 1.
Let us now restrit (2.4) to the timelike hypersurfaes I ′ǫ
.
= z−1(ǫ′), 0 ≤ ǫ′ < ǫ.
First, we'll use the freedom we have in the hoie of z to dene a system of Gaussian
normal oordinates in Uǫ:
Lemma 2.1 Given any AdS-type metri g satisfying the Einstein equations (2.3) in
Uǫ for some ǫ > 0, we an hoose z and ǫ in a way that (∗) g¯−1(dz, dz)
.
= ζ2 is onstant
in Uǫ. In partiular, ζ2 = R−2.
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Proof. Let z′ = eσz and g¯′ = e2σ g¯; then, dz′ = eσ(dz + zdσ), and hene
g¯′−1(dz′, dz′) = g¯−1(dz + zdσ, dz + zdσ) =
= g¯−1(dz, dz) + 2zg¯−1(dz, dσ) + z2g¯−1(dσ, dσ).
Thus, the ondition
(∗)
for dz′ is equivalent to the rst-order nonlinear partial
dierential equation
2zg¯−1(dz, dσ) + z2g¯−1(dσ, dσ) =
ζ2 − g¯−1(dz, dz)
z
,
where the right hand side extends in aC∞ way to z = 0 due to (2.5), whih, on its
turn, xes ζ2 = R−2. By the method of harateristis [Joh82℄ (see also Subsetion
6.4 of [Hör90℄), there exists ǫ > 0 and a unique C∞ solution of this equation in U2ǫ
for arbitrary values of σ↾I . The result follows globally by employing a partition
of unity subordinated to the overing {U2ǫ,M rUǫ} of M . 
Applying the hoie of z ditated by Lemma 2.1 to (2.4), we see that the last term
of the left hand side anels the right hand side, resulting in
(2.6) Ri(g¯)ab +
d− 2
z
∇¯a∇¯bz + g¯abg¯cd1
z
∇¯c∇¯dz = 0.
Notie yet that, by formulae (A.22A.24) (pages 113115), the multipliation of g¯
by a onstant K = κ2 > 0 doesn't modify neither the Levi-Civita onnetion, nor the
Riemann and Rii tensors. Hene, we an make the substitution g 7→ − (d−1)(d−2)
2Λ
g =
R2g and, simultaneously, take Λ = − (d−1)(d−2)
2
, whih results in g¯−1(dz, dz) = 1 in Uǫ.
In this ase, denoting by Za
.
= ∇¯az the (unit) normal to the foliation of Uǫ indued by
our hoie of z, it follows that Kab
.
= −∇¯aZb is the extrinsi urvature of Iz. We an,
thus, write g¯ as
g¯(x, z)ab = g¯
(0)(x, z)ab + ZaZb,
where g¯(0)(z, .) is the metri indued in eah of these hypersurfaes (g¯(0)(x, 0)
.
= g¯(0)(x)).
Notiing that
ZaKab = −(∇¯az)∇¯a∇¯bz = −(∇¯az)∇¯b∇¯az = −1
2
∇¯b(∇¯az∇¯az) = 0,
we an projet (2.6) to its part tangent to the Iz's:
(2.7) g¯(0)(z)cag¯
(0)(z)dbRi(g¯)cd −
d− 2
z
Kab − 1
z
g¯(0)(z)abTrK = 0.
where TrK
.
= g¯(0)(z)cdKcd is the mean urvature. Finally, applying the Gauss equation
(A.3) to Ri(g¯)
(2.8) g¯(0)(z)cag¯
(0)(z)dbRi(g¯)cd = Riem(g¯)acbdZ
cZd + Ri(g¯(0))ab +K
e
aKeb − (TrK)Kab,
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and making use of the identity (analogous to the Riati equation (A.6))
(2.9) Riem(g¯)acbdZ
cZd = Ze∇¯eKab −KeaKeb,
we arrive, after multipliation of both sides by z, at
(2.10) z Ze∇¯eKab︸ ︷︷ ︸
=− 1
2
∂2z g¯
(0)(z)
+zRi(g¯(0))ab − z(TrK)Kab − (d− 2)Kab − g¯(0)(z)abTrK = 0,
whih is the equation of evolution we sought for.
2
Notie, however, that (2.10) possesses
onstraints, for the ontration of the Einstein equations (2.3) with any vetor Xa
doesn't have seond-order derivatives in the diretion of Xa. The ontration of (2.6)
and (2.8) with g¯(0)ab, plus the Codazzi-Mainardi equation (A.4) together with (2.6),
result respetively in the onstraint equations (2.11) and (2.12) for the evolution of
(g¯(0), K) ditated by (2.10):
R(g¯(0)) +KabK
ab − (TrK)2 + 2d− 2
z
TrK = 0,(2.11)
∇¯(0)a Kab − ∇¯(0)b TrK = 0.(2.12)
The onservation of the onstraints (2.112.12) along the evolution is guaranteed
by the ontrated Bianhi identities ∇aGΛ(g)ab = 0, re-expressed in terms of g¯.
(2.10) onstitutes a nonlinear, seond-order Fuhsian system (see, for instane,
[Ki04℄ for a denition of a Fuhsian system in the nonlinear ase), whih an be
formally solved by initially adopting the Taylor-series ansatz
(2.13) g¯(0)(z) = g¯(0) +
∞∑
j=1
zj g¯(j).
Notie that by taking z = 0 in (2.10), we have Kab↾I = 0, thus xing our initial
data (g(0), 0). The oeients g(j) are obtained by applying ∂j−1z to both sides of (2.10),
resulting in
d− 1− j
2
∂jz g¯
(0)(z)ab +
1
2
g¯(0)(z)abg¯
(0)(z)cd∂jz g¯
(0)(z)cd =(2.14)
= (just terms with ∂kz g¯
(0)(z), k < j).
2
This equation is slightly dierent from the equation of evolution derived in [FG85℄ and studied in
[Gra00, GL91, HSS01℄. In fat, Fefferman and Graham depart from onsiderations dierent from
ours in [FG85℄ to arrive at their analog of (2.10).
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For future use, it's onvenient to separate (2.122.14) into the trae part TrK and
the trae-free part Pab
.
= Kab − 1d−1 g¯(0)(z)abTrK
(d− 2− j)P (j)ab = Ri(g¯(0))(j−1)ab −
1
d− 1R(g¯
(0))(j−1)δab +(2.15)
−
j−1∑
m=0
(TrK)(m)P
(j−1−m)a
b ,
(2d− 3− j)(TrK)(j) = R(g¯(0))(j−1) −
j−1∑
m=0
(TrK)(m)(TrK)(j−1−m),(2.16)
whene we an obtain by invoking the identity ∂z g¯
(0)(z)ab = −2∂z g¯(0)(z)bcKca the expliit
form of (2.13)
(2.17) jg¯(j) = −2
j−1∑
m=0
(
g¯
(m)
bc P
(j−1−m)c
a +
1
d− 1 g¯
(m)
ab K
(j−1−m)
)
.
The Hamiltonian onstraint (2.11) guarantees the invariane of the solution of
(2.10), up to dieomorphisms, under reparametrizations of the variable z, and doesn't
exert any diret role in the determination of the oeients of the expansion (2.13).
Hene, we see that g¯(j), j < d− 1, is uniquely determined by g¯(0) and its tangential
derivatives at I (in partiular, if g¯(0) is the ESU metri, these oeients must math
the ones of the pure AdS metri in a similar hart in a neighbourhood of I ). In
partiular, as (2.10) is invariant under the parity transformation z 7→ −z, it follows
that g¯(j) = 0 for j odd, j < d− 1. For j = d− 1, the reursion relations given by (2.14)
are trunated, and, in this ase, we have two possible senarios:
(i) d even: One more, parity invariane demands Trg¯(d−1) = 0, but the trae-free part of
g¯(d−1) is only subjet to the onservation law ∇¯(0)ag¯(d−1)ab = 0 oming from (2.12).
(ii) d odd: (2.14) nontrivially xes the trae of g¯(d−1), and (2.12) results in ∇¯(0)ag¯(d−1)ab =
∇¯(0)b Trg¯(d−1), thus presribing the divergene of the trae-free part.
In the ase of d odd, it's neessary to follow the usual strategy of solution of Fuhsian
systems, by modifying the initially adopted ansatz so as to inlude terms in the form
zk log z, k ≥ d− 1 (suh terms don't exist for d even). Suh an analysis was originally
skethed by Fefferman and Graham [FG85℄ for g¯(0) with arbitrary signature, having
been analyzed in the ase of Eulidean signature by several authors, among whih
we ite in partiular the works of Graham and Lee [GL91℄ and Graham [Gra00℄.
Of great importane was the alulation of the oeients g¯(j), j < d − 1, and the
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oeient h¯(d−1) of the term proportional to zd−1 log z, quite involved and realized in
detail for ertain values of d by de Haro, Skenderis and Solodukhin [HSS01℄.
Thus proeeding, the expansion of g¯ around z = 0, suitably orreted by the above
onsiderations, beomes
(i) d even: g¯(z, x) ∼zց0 dz2 + g¯(0)(x) + (z2)g¯(2)(x) + · · ·+ (z2)(
d−2
2 )g¯(d−2)(x) +
+zd−1g¯(d−1) + · · · ;(2.18)
(ii) d odd: g¯(z, x) ∼zց0 dz2 + g¯(0)(x) + (z2)g¯(2)(x) + · · ·+ (z2)(
d−3
2 )g¯(d−3)(x) +
+(zd−1 log z)h¯(d−1) + zd−1g¯(d−1) + · · · .(2.19)
(we understand (2.18) and (2.19), for now, in a purely asymptoti way  the question of
onvergene will be disussed later). The oeient h¯(d−1), denominated Fefferman-
Graham tensor, possesses remarkable properties: as g¯(j) with j < d−1, it only depends
on g¯(0) and its derivatives tangential to I ; it's onformally invariant; and vanishes if
and only if the onformal lass of g(0) has a representative whih solves the Einstein
equations without matter and zero osmologial onstant (as, for instane, ESUd−1).
In the latter ase, there are no oeients in the form zj log z in (2.19), but this learly
eases to be true for perturbations of g(0) with ompat support and not oming from
loal onformal resaling, whih aets the alulation of energy-momentum tensors for
eld theories at the boundary obtained by the AdS/CFT orrespondene, ausing an
anomaly in trae of this tensor to appear and, hene, breaking sale invariane. Suh
an anomaly, in this ontext, is alled holographi Weyl anomaly.[HS98, HS00℄
Here, instead of detailing these alulations (for whih we shall have no use in the
remaining of the present work, and whih an be found in the above ited referenes), we
shall explore in more detail the remaining omponents of Riem(g¯), so as to make more
preise the part of g¯(d−1) not determined by the reursion relations (2.14). First, we'll
simplify (2.6) in terms of Kab. For suh, we introdue Shouten tensor assoiated to
g¯
S(g¯)ab
.
=
1
d− 2
(
Ri(g¯)ab − 1
2(d− 1)R(g¯)g¯ab
)
.
This tensor has a simpler onformal transformation rule and a simpler relation involving
Riem(g¯) and C(g¯) than the Rii tensor; the latter beomes
(2.20) Riem(g¯)acbd = C(g¯)acbd + 2g¯a[bS(g¯)c]d − 2g¯c[bS(g¯)d]a,
whereas (2.6) beomes
(2.21) S(g¯)ab =
1
z
Kab.
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Gathering (2.9), (2.20) and (2.21) together, we have
(2.22) C(g¯)acbdZ
cZd =
(
∂z − 1
z
)
Kab −KcaKcb.
Using th expansion of g¯(0)(z) (2.13) and denoting by K
(j)
ab
.
= − j+1
2
g¯(j+1) the j-th
oeient of the orresponding expansion for Kab, we obtain the oeients of the
expansion of C(g¯)acbdZ
cZd around z = 0:
(2.23) (C(g¯)acbdZ
cZd)(j) = jK
(j+1)
ab +
j∑
m=0
K(j−m)ca K
(m)
cb .
(2.23) expliitly shows that the information lost by the trunation of the reursion
relations (2.14) at j = d − 1, referring to the trae-free part of g¯(d−1)ab , is ontained in
(C(g¯)acbdZ
cZd)(d−3). Indeed, if we are apable of determining g¯
(d−1)
ab by other means, we
an proeed to higher orders and ompletely determine the oeients of the expansion
(2.14). Thus, we an say that theorret initial data for (2.10) are (g¯(0), g¯(d−1)).
We shall now restrit ourselves to the lass of AAdS metris, i.e., g¯(0) is the metri
of ESUd−1. In this ase, the oeients g¯
(j)
, j < d− 1, must math, after an adequate
hoie of oordinates in I , with those of the metri of the onformal ompletion of
AdSd (1.15). Hene, a general AAdS metri has in Uǫ, after normalization of the
osmologial onstant, the form
(2.24) ds2 =
1
z2
[
−
(
1 +
z2
4
)2
dt2 + dz2 +
(
1− z
2
4
)2
dΩ2d−2 +O(z
d−1)
]
.
Thus we have from (2.20), (2.21) and (2.24) the following rough peeling property
for the Weyl tensor: C(g¯)
(j)
abcd = 0 for j < d− 3, and, due to the Codazzi-Mainardi
equation (A.4) (page 107), (g¯(0)(.)eag¯
(0)(.)fb g¯
(0)(.)hcZ
dC(g¯)abcd)
(j) = 0 for j ≤ d − 3. In
AdSd, d ≥ 6, we know that g¯(d−1)ab = 0 and, as AdSd is a spae form, C(g¯)abcd = 0.
Therefore, the sum in the right hand side of (2.23) also vanishes. As it's the same for
all AAdS metris and all j ≤ d− 3, it vanishes for all these ases. Hene,
(2.25) K
(d−2)
ab =
1
d− 3(C(g¯)acbdZ
cZd)(d−3), ∀d ≥ 6.
In the ase d = 4, the sum in the right hand side of (2.23) redues to 2K
(1)c
a K
(0)
cb = 0,
and for d = 5, K
(1)c
a K
(1)
cb =
1
8
g¯
(0)
ab , by virtue of (2.152.17). Thus, we onlude that
(2.26) g¯(d−1) =
{ − 2
d−1
Eab (d = 4 or d ≥ 6)
−1
2
Eab +
1
16
g¯
(0)
ab (d = 5)
,
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where Eab =
1
d−3
limzց0 z
3−dC(g¯)acbdZ
cZd is the resaled eletri part of the Weyl
tensor of g¯ (the limit exists and is C∞, for we've seen that the oeients of order
inferior to d−3 of the expansion of C(g¯)acbdZcZd vanish), whih leaves a general AAdS
metri satisfying (2.3) in the form
g¯(0)(z) = −
(
1 +
z2
4
)2
dt2 + dz2 +
(
1− z
2
4
)2
dΩ2d−2 +(2.27)
+
{ − 2
d−1
Eabz
d−1 (d = 4 or d ≥ 6)(
−1
2
Eab +
1
16
g¯
(0)
ab
)
z4 (d = 5)
}
+O(zd).
Remark 2.1 The problem of onvergene of the expansions (2.182.19) for z < ǫ su-
iently small was armatively solved, for g¯
(0)
ab and Eab real analyti, by Kihenassamy
[Ki04℄. In the non analyti ase, it's not possible, in the present state of the art, to
proeed by means of analyti approximations, due to the lak of suiently strong esti-
mates of the solution in terms of these boundary data. This, at a rst glane, was to
be expeted, for the Cauhy problem for hyperboli equations is know to be ill posed
for initial data at timelike hypersurfaes [Had03℄. However, suh an intuition is possi-
bly only partially orret, for the true initial data for our problem (i.e., g¯
(0)
ab and Eab)
make the latter onsiderably dierent from the usual Cauhy problem for seond-order
hyperboli equations (remember that ∂z g¯
(0)(z)↾z=0 = 0!)  indeed, weighted estimates
involving the Weyl tensor exert a fundamental role in the proof global nonlinear sta-
bility of Minkowski spaetime [CK93℄. Partial results in this diretion an be found
in [And06, And05, And06b, And06a℄ and the referenes ited therein. Hene, in non
analyti ases, we should understand the expansions (2.182.19) only as asymptoti
expansions as z ց 0.
Notie, nally, that, by virtue of the purely loal harater of the analysis made
above, it remains valid without hange for any Poinaré domain in an AAdS spae-
time and, more in general, for any loally AAdS spaetime (the whole disussion pre-
eding formula (2.24) is valid even for general loally AdS-type spaetimes). In the ase
of Poinaré domains, we must substitute the oordinates (1.8) for the oordinates
(1.6), and the metri (1.9) multiplied by z2 for the metri (1.15). An advantage of this
hart in the present ontext is that g¯
(j)
ab = 0 for 1 ≤ j ≤ d − 2, whene it follows that
g¯
(d−1)
ab =
2
d−1
Eab for all d ≥ 4, unlike (2.26). The asymptoti form of an AAdS metri
in the neighbourhood of a Minkowski domain then beomes
(2.28) g¯(0)(z)ab =
(
ηab − 2
d− 1z
d−1Eab
)
+O(zd).
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2.3 Gravitational thermodynamis in AAdS
wedges
We'll show how to assoiate to eah wedge Wp,q of a loally AAdS spaetime (M , g),
p, q ∈ D(I ), a ow of dieomorphisms whih extend to Dp,q in suh a way that their
ation oinides in this region with the ation of the one-parameter subgroup (1.26).
In this ase, it follows that these dieomorphisms are asymptoti isometries, i.e., if T a
is the vetor eld tangent to the ow, then £T g(x, z) = o(z) as z ց 0.
The onstrution we'll make is a partiular ase of a more general proedure, suitable
to any relatively ompat diamond Op,q = I+(p)∩ I−(q) in a ausally simple spaetime
(M , g), losely related to the method of Geroh [Ger70℄ for the onstrution of global
time funtions in globally hyperboli spaetimes.
2.3.1 Geometrial time evolution in diamonds
We'll show initially how to assoiate to eah diamond Dp,q at onformal innity of
a loally AAdS spaetime (M , g), p, q ∈ D(I ) a global time funtion assoiated to the
ation of the one-parameter subgroup (1.26).
Theorem 2.2 Consider a d-dimensional AAdS spaetime (M , g), r ∈ I and p0, q0 ∈
M in(r) suh that, if M in(r) ∋ p 7→ xµ(p) is the global Cartesian hart of Minkowski
spaetime, we have xµ(p0) = (−1, 0) and xµ(q0) = (1, 0). Consider the one-parameter
group uλp0,q0 of onformal dieomorphisms (1.26) of (Dp0,q0, η↾Dp0,q0 ), given for p in the
x0 − x1 plane by
x±(uλp0,q0(p))
.
=
(1 + x±)− e−λ(1− x±)
(1 + x±) + e−λ(1− x±) , λ ∈ R
(x± = x0 ± x1 are the light one oordinates in the x0 − x1 plane) and extended to
p ∈ Dp0,q0 by spatial rotations. Dene the following foliation λ 7→ Σλp0,q0 of Dp0,q0 by
Cauhy surfaes:
• Σp0,q0 .= Σ0p0,q0 = Dp0,q0 ∩ {x0 = 0};
• Σλp0,q0 = uλp0,q0(Σ0p0,q0), i.e., the foliation is given by the dieomorphism Fp0,q0 :
R× Σp0,q0 ∋ (λ, p) 7→ uλp0,q0(p) ∈ Dp0,q0.
• λ is, hene, the global time funtion assoiated to Fp0,q0.
Then,
(2.29) λ =
1
d− 1 log
[ |Dp0,uλp0,q0 (p)|
|Duλp0,q0 (p),q0|
]
= log
[
dη(p0, u
λ
p0,q0(p))
dη(uλp0,q0(p), q0)
]
, ∀p ∈ Σp0,q0,
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where dη is the Lorentzian distane assoiated to η (see Appendix A). Reall that
the Lebesgue measure is preisely the measure indued by the volume element
√|η|
(we notie, for onveniene, that |Dp0,q0| = 2
∫ 1
0
|Br(0)|dr = 2
∫ 1
0
rd−2
d−2
VolSd−3dr =
2
(d−1)(d−2)
VolSd−3).
Proof. Due to the rotational symmetry of uλp0,q0 , we an restrit our onsid-
erations to the x0 − x1 plane. In this ase, let us write xµ(p) = (0, x1, 0, . . . , 0),
x1 ∈ [−1, 1], whene it follows that
x±(uλp0,q0(p)) =
(1± x1)− e−λ(1∓ x1)
(1± x1) + e−λ(1∓ x1) ,
and, thus,
x0(uλp0,q0(p)) =
1
2
(x+(uλp0,q0(p)) + x
−(uλp0,q0(p))) =
=
(1− (x1)2)(1− e−2λ)
(1− (x1)2)(1 + e−2λ) + 2e−λ(1 + (x1)2)
and
x1(uλp0,q0(p)) =
1
2
(x+(uλp0,q0(p))− x−(uλp0,q0(p))) =
=
4x1e−λ
(1− (x1)2)(1 + e−2λ) + 2e−λ(1 + (x1)2) .
Let q = (t,0), t ∈ (−1, 1). The diamond Dp0,q is a translation of 1+t2 Dp0,q0 ,
and the diamond Dq,q0 , a translation of
1−t
2 Dp0,q0  hene, we have |Dp0,q| =(
1+t
2
)d−1 |Dp0,q0 | and |Dq,q0 | = (1−t2 )d−1 |Dp0,q0 |. More in general, if q = (t, r, 0,
. . . , 0), there exists a Lorentz boost in the x0 − x1 plane around p0 whih
takes Dp0,q to Dp0,q+, where q
+ = (((1 + t)2 − r2) 12 − 1,0), and a Lorentz
boost in the x0 − x1 plane around q0 whih takes Dp0,q to Dq−,q0 , where q− =
(1− ((1− t)2 − r2) 12 ,0). As Lorentz transformations preserve volume, we have
|Dp0,q| =
(
((1 + t)2 − r2) 12
2
)d−1
|Dp0,q0 |
and
|Dq,q0 | =
(
((1− t)2 − r2) 12
2
)d−1
|Dp0,q0 |.
Finally, taking q = q(λ) = uλp0,q0(p), it follows that
(1 + x0(q(λ)))2 − x1(q(λ))2 = 4(1− (x
1)2)
(1− (x1)2)(1 + e−2λ) + 2e−λ(1 + (x1)2)
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and
(1− x0(q(λ)))2 − x1(q(λ))2 = 4e
−2λ(1− (x1)2)
(1− (x1)2)(1 + e−2λ) + 2e−λ(1 + (x1)2) ,
and hene formula (2.29). The seond identity follows from the fat that |Dp,q| =
1
2d−2(d−1)(d−2)
VolSd−3dη(p, q)
d−1
. 
The importane of Theorem (2.2) will soon beome lear.
It's important to have in mind that, in d-dimensional, strongly ausal spaetimes
(M , g), the Lorentzian distane dg oinides with the geodesi distane in onvex nor-
mal neighbourhoods (see formula 2.31, page 44, and the disussion that follows for more
details).
Let us suppose now that (M , g) is ausally simple, so as any nonvoid, relatively
ompat diamond Op,q is globally hyperboli, whose Cauhy surfaes Sp,q are aausal
sets with edge ∂I+(p) ∩ ∂I−(q). Notie, however, that if Op,q is not ontained in any
geodesially onvex neighbourhood, then Op,q is not equal to D(Sp,q) in M , for in
this ase ∂Op,q = (∂I
+(p) ∩ J−(q)) ∪ (∂I−(q) ∩ J+(p)) possesses geodesi segments
with pairs of onjugate points, that is, there are points in ∂Op,q whih belong to null
geodesis whih ease to be ahronal before reahing the edge of Sp,q. Hene, we have
that intD(Sp,q) % Op,q in this ase (equality ours only if the null geodesi segments
whih generate ∂Op,q are ahronal, as for example in the ase that Op,q is ontained in
some geodesially onvex neighbourhood).
Another obstale to showing that (2.29) indeed generalises to a global time funtion
for a relatively ompat Op,q whose level sets are Cauhy surfaes is that the seond
identity in (2.29) no longer holds if there is urvature present. The intuitive reason is
that the paking number of small diamonds inside a larger one need not grow linearly
with the volume of the latter (this argument an be made rigorous by employing semi-
Riemannian volume omparison estimates [ES00℄). Hene, Geroh's argument, whih
does yield a global time funtion with Cauhy level sets, is not diretly appliable.
However, simple ausality happens to be just strong enough to guarantee that the rst
identity in (2.29) does dene a funtion with the desired properties.
The property we'll use is the reverse triangular inequality (see Appendix A, page
113)
p ≤ r ≤ q ⇒ dg(p, q) ≥ dg(p, r) + dg(r, q).
It follows from this inequality that, if γ : [0, 1] → M is an inextendible ausal
urve in Op,q, then λ 7→ dg(γ(λ), q) (resp. λ 7→ dg(p, γ(λ))) is a funtion bounded
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by dg(p, q) (< +∞ by virtue of the ompatness of Op,q and the Denition A.1 of
Lorentzian distane) and stritly dereasing (resp. inreasing) in λ  reall that any
maximal ausal urve (i.e., whose ar length between any two of its points is equal to
the Lorentzian distane) is neessarily a geodesi, up to reparametrization. Thus, the
level surfaes of dg(., q) and dg(p, .) are aausal for nonzero values. Moreover, thanks
to ausal simpliity, dg(p, .) (resp. dg(., q)) tends to zero along any past (resp. future)
inextendible ausal urve in Op,q. Employing the properties obtained above, we an
repeat the proof of Proposition 3.1 of [AGH98b℄ within our ontext, arriving at the
following
Proposition 2.3 ([AGH98b℄) dg(p, .) and dg(., q) are semionvex, i.e., for any r ∈
Op,q there exists a neighbourhood U ∋ r, a loal hart x : U → Rd and f ∈ C∞(U )
suh that (dg(p, .)↾U + f) ◦ x−1 and (dg(., q)↾U + f) ◦ x−1 are onvex in x(U ). 
Atually, the result we obtain is the following: there exist φp,r, φr,q ∈ C∞(U suh
that dg(p, r) = φp,r(r) and dg(r, q) = φr,q(r), dg(p, .) ≥ φp,r and dg(., q) ≥ φr,q in U and
the Hessians D2φp,r and D
2φr,q are suh that D
2φp,r(r)− cp,r1 and D2φr,q(r)− cr,q1 are
positive semidenite matries for cp,r, cr,q ∈ R, whih not only implies semionvexity in
the sense of Proposition 2.3 [AGH98a℄, but also guarantees that the given denition is
independent of oordinates. In these irumstanes, we an invoke the lassial result
of Alexandrov, whih tells us that a onvex funtion is not only loally Lipshitz,
but is also twie dierentiable almost everywhere with respet to Lebesgue measure
(see [EG92℄ for a proof of this fat). Suh a result obviously extends to semionvex
funtions. As the restrition of µg to normal neighbourhoods is absolutely ontinuous
with respet to Lebesgue measure, we thus obtain the following
Proposition 2.4 dg(p, .) and dg(., q) are loally Lipshitz and twie dierentiable
almost everywhere. 
After this preparations, we an nally dene our global time funtion in Op,q asso-
iated to dg:
(2.30) Op,q ∋ r 7→ λgp,q(r) .= log
[
dg(p, r)
dg(r, q)
]
∈ R.
Our argument above shows that λgp,q is surjetive and stritly inreasing along
any inextendible, future-direted ausal urve γ : (a, b) → Op,q  as a onsequene,
λgp,q(γ(t)) : (a, b)→ R is surjetive and hene (λgp,q)−1(λ) is a Cauhy surfae for all λ,
as desired.
We'll show now that the asymptoti behaviour of λgp,q(r) in the ase that Op,q is
ontained in a geodesially onvex neighbourhood, as
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(i) dg(p, r)→ 0 keeping dg(r, q) 6= 0, and
(ii) dg(r, q)→ 0 keeping dg(p, r) 6= 0.
The restrition on the size of Op,q guarantees that dg(p, .), dg(., q) and, hene, λgp,q
are C∞, but we emphasize that formulae that follow depend only on derivatives of order
≤ 2 of dg(p, .) and dg(., q). We shall later disuss other onsequenes of this hypothesis.
Let U be a geodesially onvex neighbourhood. Let us then dene the Synge world
funtion
(2.31) ΓgU ×U ∋ (p, q) 7→ Γg(p, q) .= −1
2
∫ 1
0
g(γ˙p,q(s), γ˙p,q(s))ds,
where γp,q : [0, 1] → U is the (unique) geodesi segment linking p = γp,q(0) to q =
γp,q(1). Γg has the following properties (see [Fri75℄ for the proofs):
• Γg ∈ C∞
(⋃
p∈M {p} ×Up
)
, where Up is an open, geodesially onvex neighbour-
hood of p;
• Γg(p, q) = Γg(q, p);
• ∇aΓg(p, .) = −γ˙ap,.(.) and ∇aΓg(., q) = −γ˙a.,q(.), where . denotes the variable on
whih ∇ ats. We immediately have the fundamental formula
(2.32) g−1(dpΓg(p, q), dpΓg(p, q)) = g
−1(dqΓg(p, q), dqΓg(p, q)) = −2Γg(p, q),
where dp and dq denote respetively the dierential with respet to the rst and
seond variables.
• (∇a∇bΓg(p, .))(p) = −gab(p).
First, we must notie that dg and 2(Γg)
1
2
oinide in U × J+(U ,U ), for (M , g) is
ausally simple by hypothesis and, thus, strongly ausal (see Theorem 4.27 in [BEE96℄).
(Γg)
1
2
is ontinuous but non dierentiable in d−1g (0)∩ (U ×J+(U ,U ), by virtue of the
presene of the square root. Hene, we employ the equivalent formula
(2.33) λgp,q(r) =
1
2
(log(dg(p, r)
2)− log(dg(r, q)2)) = 1
2
(log(Γg(p, r))− log(Γg(r, q)))
instead of (2.30) in what follows. We assume, from now on, p and q xed and Γg(p, r)
and Γg(r, q) as funtions of r alone, that is, dierentials and ovariant derivatives at
only on r. In this way, we an unlutter the notation quite a bit.
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We'll rst obtain the innitesimal form of the dieomorphism ow indued by the
global time funtion λgp,q:
(2.34) ∇aλgp,q(r) =
1
2
(∇aΓg(p, r)
Γg(p, r)
− ∇aΓg(r, q)
Γg(r, q)
)
.
Let us now onsider the vetor eld T a in Op,q uniquely determined by the following
algebrai onditions:
• T a∇aλgp,q(r) = 1 for all r ∈ Op,q;
• g(T,X) = 0 for all Xa tangent to (λgp,q)−1(t), t ∈ R.
In other words, T a is the vetor eld whih generates the ow of dieomorphisms
indued by the foliation of Op,q by the level hypersurfaes of λp,q. Hene, we have
(2.35) g(T, T ) =
1
g−1(dλgp,q, dλ
g
p,q)
,
where
(2.36) g−1(dλgp,q, dλ
g
p,q) = −
1
2
(
1
Γg(p, r)
+
1
Γg(r, q)
+
g−1(dΓg(p, r), dΓg(r, q))
Γg(p, r)Γg(r, q)
)
.
Thus,
T a =
1
g−1(dλgp,q, dλ
g
p,q)
∇aλgp,q =(2.37)
=
Γg(p, r)∇aΓg(r, q)− Γg(r, q)∇aΓg(p, r)
Γg(p, r) + Γg(r, q) + g−1(dΓg(p, r), dΓg(r, q))
.
It's lear from (2.37) that, asymptotially as r → p and r → q, that is, respetively
() dg(p, r)ց 0, dg(r, q)ր dg(p, q) and (+) dg(r, q)ց 0, dg ր dg(p, q), T a approahes
a onformal Killing eld, i.e.,
∇aTb +∇bTa = f(.)gab + o(min{dg(p, r), dg(r, q)}) =(2.38)
=
2
d
(∇cT c)gab + o(min{dg(p, r), dg(r, q)})
as r → p or r → q. More preisely, T a (resp. −T a) approahes an innitesimal
dilation around p (resp. q). In geodesi normal oordinates (xµ) around p (resp. q),
the omponents of T a beome
(2.39) T µ = xµ − xµ(p) +O((x− x(p))2) (resp. xµ − xµ(q) +O((x− x(q))2)).
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2.3.2 Constrution of asymptoti isometries
One more speializing ourselves to (loally) AdS-type spaetimes (M , g), we see
that, due to the fat that (I , g¯(0)) is totally geodesi with respet to (M , g¯) (and, hene,
1
2
d2g¯↾I 2∩U 2 = Γg¯↾I 2∩U 2 = Γg¯(0)↾I 2∩U 2 , where U is a geodesially onvex neighbourhood
in M  see Proposition 4.32 in [BEE96℄), λg¯p,q ↾I ≡ λg¯(0)p,q for any pair p ≪I q ∈ I
suh that Wp,q is ontained in a geodesially onvex neighbourhood in (M , g¯), for λ
g¯
p,q
is onstruted solely from Γg¯. In partiular, if (M , g) is (loally) AAdS, and x(p) =
(−1, 0) and x(q) = (1, 0) in a Cartesian hart x : (M in(r), g¯(0)↾M in(r)) → (R1,d−2, η)
on a Minkowski domain M in(r) form some r ∈ I , it follows that λg¯p,q↾I ≡ λ, where
λ is given by formula (2.29), whih is the onlusion of Theorem 2.2. That is, T a is
not only tangent to I as T a↾I oinides with the vetor eld in Dp,q generated by the
one-parameter subgroup λ 7→ uλp0,q0 of the onformal group of (I , g¯(0)) given by (1.23).
Extending the assertion of Theorem 2.2 to (p, q) ∈ D(I ) by the ommutation relations
of SOe(2, d− 1) and realling that (resp. the onneted omponent to the identity of)
the onformal group is preisely the set of dieomorphisms whih preserve the ausal
struture (resp., plus orientation and time orientation), we obtain:
Proposition 2.5 Let (M , g) be a loally AAdS spaetime, (p, q) ∈ D(I ) suh that
Wp,q is ontained in a geodesially onvex neighbourhood in (M , g¯). Then T a is tangent
to I and λg¯p,q↾I = λ
g¯(0)
p,q = λ, where u
λ
p,q is the isotropy subgroup (1.26) of Dp,q of the
onformal group of (I , g¯(0)). 
It follows from Proposition 2.5 that T a generates a one-parameter group of asymp-
toti isometries of (Wp,q, g↾Wp,q), i.e., £T g = o(z) as z ց 0.
It's important to notie that, in the ase of AdSd, we see from the proof of Theorem
2.2 and by employing Poinaré harts that T a is preisely the Killing eld in Wp,q
whih generates the onformal isotropy subgroup of the latter, for any (p, q) ∈ D(I ).
Hene, our onstrution naturally generalizes the Killing elds of AdSd.
Now what happens with large Wp,q's, i.e., suh that Wp,q is relatively ompat in
M , but not ontained in some geodesially onvex neighbourhood in (M , g¯)? We have
problems of two sorts, both stemming from the same soure (namely, the ritial points
of the exponential map), but with dierent onsequenes, more or less severe for us:
1. Lg eases to be well dened, and dg eases to be C∞ in dg(p, .)−1((0, dg(p, q))) and
dg(., q)
−1((0, dg(p, q))). However, as we know (Proposition 2.4) that dg is twie
dierentiable dg(p, .)
−1((0, dg(p, q))) and dg(., q)
−1((0, dg(p, q))) up to some set U
satisfying µg(U ) = µdg(U ) = 0, all formulae we've obtained remain valid in the
points where dg(p, .)
2
and dg(., q)
2
are twie dierentiable. We annot, however,
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guarantee the validity of the limits of expressions involving derivatives of dg(., q)
2
as r → p, or involving derivatives of dg(p, .)2 as r → q, sine we know nothing
about the ontinuity of these outside geodesially onvex neighbourhoods.
2. The seond problem is spei of (loally) AAdS spaetimes. It may our that
(some) maximal (with respet a dg¯) timelike geodesi linking p to q traverses M
instead of remaining at I . This implies not only that T a is no longer tangent
to I , but also auses T a to aquire disontinuity points at I . The hypothesis
that suh fousing of timelike geodesis doesn't our is stronger and annot be
obtained as a onsequene of all null geodesis in M with endpoints in I and
traversing M having a pair of onjugate points, employed for instane in Theorem
1.3. We an, of ourse, impose the hypothesis that maximal ausal geodesis in
M onneting points p and q neessarily belong to I , along lines similar to what
we've done for null geodesis along Chapter 1. However, this hypothesis has the
annoying harateristi of depending globally on the onformal fator z, unlike
the weaker ase of null geodesis, whih depends only on the ausal struture.
A way of irumventing these problems is to regularize λgp,q in a way that this regu-
larization, here denoted λ¯gp,q for onreteness, satises λ¯
g
p,q↾Dp,q = λ, where u
λ
p,q is given
by (1.26). Here the problem is how to regularize a global time funtion dened in a
spaetime with boundary  we shall solve the problem in the following manner: let us
dene the double
2M of a loally AdS-type spaetime M as the disjoint union of two
opies of M with the points in I identied. 2M an be endowed with a dierentiable
struture ompatible with the one of eah opy and suh that the natural inlusion
of eah opy is a dierentiable embedding [Hir76℄. The metri in
2M indued by g¯
(also denoted by g¯, as there's no onfusion) is C∞ in the interior of eah opy, and
C d−1,1 (resp. C∞) in I for d odd (resp. d even 3), due to the Fefferman-Graham
expansion for loally AdS-type spaetimes onstruted in the previous Setion  the
regularity is C∞ for arbitrary d if (M , g) is loally AAdS or, more in general, if g¯(0)
possesses a representative g¯(0)
′
of its onformal lass whih satises Ri(g¯(0)
′
) = 0. This
onstrution is a generalization of the onformal identiation of AdSd with half of
ESUd, seen in Chapter 1, page 9.
We an extend z a z < 0 in 2M , thus dening a system of Gaussian normal oor-
dinates around I . The double (2M , g¯) has a group of global isometries, isomorphi to
Z2, generated by the reetion ζ aross I of a point in a opy of M , having as image
its ounterpart in the other opy (loally lose to I , we have z ◦ ζ = −z).
3
The extra regularity owes itself to (i) the absene of log terms in the Fefferman-Graham
expansion and (ii) the parity symmetry in z in formula (2.10), page 35, whih gives origin to the
reursion relations.
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We shall now dene λ¯g¯p,q in a ausally simple AAdS spaetime (M , g) whih satises
the fousing hypothesis of Theorem 1.3, page 16 (these requirements guarantee, as seen
in Chapter 1, that I+(p,M ) ∩ I−(q,M ) ∩I = Dp,q), in the following steps:
• First, we dene λg¯p,q in (2M , g¯) (more preisely, in Op,q = Wp,q ∪ Dp,q ∪ ζ(Wp,q)),
with the same formula.
• Next, we regularize λg¯p,q by employing the method of Bernal and Sánhez
[BS03, BS05℄ (see [Sán05℄ for an introdutory sketh of the method), obtaining a
C∞ global time funtion λ˜g¯p,q whih foliates Op,q by Cauhy surfaes. We assume
yet that the obtained regularization satises |λ˜g¯p,q−λg¯p,q| < δ for δ < 1 suiently
small [Sei77℄.
• Let us dene λˆg¯p,q = 12(λ˜g¯p,q + λ˜g¯p,q ◦ ζ). Sine λ˜g¯p,q as well as λ˜g¯p,q ◦ ζ are global time
funtions in Op,q whose level hypersurfaes are Cauhy surfaes in Op,q, and the
olletion of suh funtions is losed under onvex linear ombinations [Sei77℄, it
follows that λˆg¯p,q also satises these properties, plus the key additional property
(whih soon will be ruial) ∂zλˆ
g¯
p,q↾I = 0 and the estimate in the previous item.
Heneforth, the usefulness of the double is over  we restrit λˆg¯p,q to M , and
proeed only within this manifold.
• We extend λg¯(0)p,q from Dp,q to a ollar neighbourhood U δ′p,q ∼= Dp,q × [0, 0 < δ′) ∋
(x, w) of the latter in Wp,q by using the formula λg¯
(0)
p,q (x, w) = λ
g¯(0)
p,q (x), taking
δ′ small enough so that ∇¯aλg¯(0) remains timelike in U δ′p,q and keeping the same
notation for the extension (notie that suh a restrition to δ′ is independent of
the restrition to δ in the rst item).
• We hoose a partition of unity {φ, 1 − φ} of Wp,q ∪ Dp,q subordinated to the
overing {Dp,q× [0, 3δ′4 ),Wp,qr(Dp,q× [0, δ
′
2
])}, satisfying |∂wφ| ≤ K(δ′)−1 [Whi34℄
and independent of x ∈ Dp,q (as φ ≡ 0 outside U δ′p,q, there are no problems with
the seond property). Let us dene
(2.40) λ¯g¯p,q
.
= φλg¯
(0)
p,q + (1− φ)λˆg¯p,q,
whih satises
(2.41) dλ¯g¯p,q = (λ
g¯(0)
p,q − λˆg¯p,q)∂wφdw + φdλg¯
(0)
p,q + (1− φ)dλˆg¯p,q.
• We see immediately that we need to ontrol the size of |λg¯(0)p,q − λˆg¯p,q| in U δ′p,q so
that |λ¯g¯(0)p,q − λˆg¯p,q| is as small as we want and, at the same time, dλ¯g¯(0)p,q is a future
timelike ovetor eld; the most severe obstale to suh requirements resides in the
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spaelike ovetor proportional to ∂wφ in (2.41), due to the Whitney estimate
invoked in the former item, whih is essentially optimal. We write, thus,
(2.42) |λg¯(0)p,q (x, w)− λˆg¯p,q(x, w)| ≤ |λg¯
(0)
p,q (x)− λˆg¯p,q(x, 0)|︸ ︷︷ ︸
<δ (a)
+ |λˆg¯p,q(x, w)− λˆg¯p,q(x, 0)|︸ ︷︷ ︸
≤K ′δ′2 (b)
,
where the estimate (a) is valid by onstrution, and the estimate (b) follows from
the fat that λˆg¯p,q is C
∞
and ∂wλˆ
g¯
p,q↾Dp,q ≡ 0.
• Taking δ = K ′(δ′)2 and δ′ suiently small, it follows that λ¯g¯p,q is a C∞ global
time funtion whih:
1. satises |λ¯g¯p,q − λg¯p,q| < δ′′, where δ′′ > 0 is as small as we like,
2. extends λg¯
(0)
p,q to Wp,q ∪Dp,q, and suh that
3. ∇¯aλ¯g¯p,q is a future direted timelike vetor eld, tangent to I , and
4. (λ¯g¯p,q)
−1(t) is a Cauhy surfae for Wp,q∪Dp,q for all t ∈ R (it follows diretly
from the rst property [Die88℄ and the ontinuity of λ¯g¯p,q).
• By virtue of the results above, it follows that
(2.43) T¯ a
.
=
1
g¯−1(dλ¯g¯p,q, dλ¯
g¯
p,q)
∇¯aλ¯g¯p,q
is an asymptoti Killing eld in (Wp,q, g ↾Wp,q) satisfying T¯
a ↾I =
du.p,q
dλ
, and,
hene, the formulae (2.38) and (2.39), as desired.
Although λ¯g¯p,q all the properties we need, unfortunately it no longer possesses in
(M , g) the natural geometrial interpretation whih λg¯p,q does, though being as lose to
this as we desire. Nevertheless, we've shown that it's possible to expliitly build families
of asymptoti isometries in (pratially) any AAdS wedge. We shall make extensive
use of this fat in Chapter 4.
2.3.3 Return to equilibrium in wedges
In the work of Martinetti and Rovelli [MR03℄, it was proposed to assoiate an
Unruh eet to the group uλp,q assoiated to a diamond Dp,q in Minkowski spae-
time, whose orbits were imagined as the worldlines of observers with nite lifetime.
For quantum eld theories with onformally invariant vauum, it's truly possible to
prove suh an assoiation [BGL93℄, but a proper disussion of this issue will have to
await Chapter 4. Nevertheless, formulae (2.38) and (2.39) make natural the following
question: what if suh a temperature were attained only in the limit λ → ±∞ ? For
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quantum eld theories whih enjoy asymptoti freedom, sale invariane is indeed re-
alized only in the short-distane limit, and the orretions to ritial behaviour are
given, for instane, by the operator produt expansion (OPE). Thus, we an think that
the thermal time hypothesis of Martinetti and Rovelli, ited above, is realized
only in the weaker form of a return to equilibrium, by means of an asymptoti sale
invariane (we shall give a more preise sense to these onsiderations in Chapter 4).
We'll transplant this reasoning to AAdS wedges. From the viewpoint of the laws
of blak hole dynamis, if we imagine the boundary of a wedge (supposed geodesially
onvex, for simpliity) Wp,q as an asymptotially stationary event horizon, and Wp,q as
a domain of outer ommuniations, we an ask ourselves if there exists some asymp-
toti analog for these laws. It's now our objetive to show that this indeed ours, at
least for the zeroth law.
First, we shall give the preise denition of surfae gravity within our ontext. Let
T a be as in (2.37). Taking, for instane, r → r− ∈ ∂−Wp,q, we have Γg¯(p, r−) = 0,
Γg¯(r−, q) 6= 0 and dΓg¯(p, r−) 6= 0. Moreover,
(2.44) lim
r→r−
g¯(T, T ) = − lim
r→r−
2Γg¯(p, r)Γg¯(r, q)
Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
= 0
by onstrution. Equally, if r → r+ ∈ ∂+Wp,q, we have Γg¯(r+, q) = 0, Γg¯(p, r+) 6= 0,
dΓg¯(r+, q) 6= 0 and limr→r+ g¯(T, T ) = 0. In the ase that r → r0 ∈ ∂I+(p,M ) ∩
∂I−(q,M ), we have T a → 0. Summing up, T a is, at the same time, tangent and
normal to the past horizon ∂−Wp,q and to the future horizon ∂+Wp,q of Wp,q (notie that
the denition of horizon we've given in page 15 exludes preisely the points of ∂Wp,q
where T a → 0). Hene, we have
(2.45) lim
→∂±Wp,q
∇¯ag¯(T, T ) .= −2κ¯±( lim
→∂±Wp,q
Ta),
where κ¯+ (resp. κ¯−) is a C∞ funtion on the submanifold ∂+Wp,q (resp. ∂−Wp,q), given
by
(2.46) κ¯± = − lim
→∂±Wp,q
T a∇¯ag¯(T, T )
2g¯(T, T )
=
g−1(dλg¯p,q, dg¯
−1(dλg¯p,q, dλ
g¯
p,q))
2g¯−1(dλg¯p,q, dλ
g¯
p,q)2
.
Let us suppose for the moment that T a is a onformal Killing eld with respet
to g¯. In this ase,
∇¯ag¯(T, T ) = 2T b∇¯aTb = 2T b(∇¯aTb + ∇¯bTa)− 2T b∇¯bTa =
=
4
d
(∇¯bT b)Ta − 2T b∇¯bTa →∂±Op,q−→ −2κ¯±Ta,(2.47)
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whene it follows that
(2.48) κ±
.
= lim
→∂±Wp,q
T aT b∇¯bTa
g¯(T, T )
.
= lim
→∂±Wp,q
T aT b∇¯aTb
g¯(T, T )
+ κ¯± = lim
→∂±Wp,q
(
2
d
∇¯aT a
)
+ κ¯±
denes preisely the failure of the parametrization of the orbits of T a in ∂±Dp,q to be an
ane parametrization, sine T a is tangent to the null geodesis whih generate ∂+Wp,q
and ∂−Wp,q. More preisely, if λ− (resp. λ+) is an ane parameter ommon to the
future direted null geodesis whih emanate from p (resp. reah q) suh that λ− = 0
at p (resp. λ+ = 0 at q), we have
(2.49) λ± = ∓eκ±λ
g
p,q .
Another interpretation for κ±, whih follows from formulae (2.46)(2.48), is the
aeleration needed to maintain a test body at a xed, but innitesimally small
distane, from the horizon, ompensated by the redshift fator redshift (−g¯(T, T )) 12
of the orbit [Wal84, Wal94℄.
Definition 2.2 κ− (resp. κ+) is said to be the past (resp. future) msurfae gravity
of Op,q.
For arbitrary T a, we use the rst (two) identity(ies) in (2.48) to dene κ±, but the
last identity in formula (2.48) is only asymptotially valid, as r− → p, r+ → q. With
this aveat in mind, we an now formulate our zeroth law of dynamis:
Theorem 2.6 (Zeroth Law of Dynamis of AAdS) Let (M , g) be a (loally)
AAdS spaetime, and Wp,q a wedge ontained in a geodesially onvex neighbourhood in
(M , g). Then lim→p κ− = − lim→q κ+ = 1.
Proof. A diret alulation employing the properties of Γg¯ gives us
T a∇¯ag¯(T, T ) = 2Γg¯(p, r)Γg¯(r, q)
(Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q)))2
.
.
[
(Γg¯(r, q) − Γg¯(p, r))
(
2 +
g¯−1(dΓg¯(p, r), dΓg¯(r, q))
Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
)
+
−Γg¯(r, q)∇¯
aΓg¯(p, r)∇¯bΓg¯(p, r)∇¯a∇¯bΓg¯(r, q)− Γg¯(p, r)∇¯aΓg¯(r, q)∇¯bΓg¯(r, q)∇¯a∇¯bΓg¯(p, r)
Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
]
,
and, thus,
−T
a∇¯ag¯(T, T )
2g¯(T, T )
= − 1
2(Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q)))
.
.
[
(Γg¯(r, q) − Γg¯(p, r))
(
2 +
g¯−1(dΓg¯(p, r), dΓg¯(r, q))
Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
)
+
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−Γg¯(r, q)∇¯
aΓg¯(p, r)∇¯bΓg¯(p, r)∇¯a∇¯bΓg¯(r, q) − Γg¯(p, r)∇¯aΓg¯(r, q)∇¯bΓg¯(r, q)∇¯a∇¯bΓg¯(p, r)
Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
]
.
κ¯+ (resp. κ¯−) is obtained by taking the limit Γg¯(r, q) ց 0, dΓg¯(r, q) 6= 0 (resp.
Γg¯(p, r)ց 0, dΓg¯(p, r) 6= 0). Hene, we have
κ¯+ =
1
2(Γg¯(p, r) + g¯−1(dΓg¯(p, r), dΓg¯(r, q)))
.
.
[
Γg¯(p, r)
(
3− Γg¯(p, r)
Γg¯(p, r) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
)
+
−Γg¯(p, r)∇¯
aΓg¯(r, q)∇¯bΓg¯(r, q)∇¯a∇¯bΓg¯(p, r)
Γg¯(p, r) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
]
and
κ¯− = − 1
2(Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q)))
.
.
[
Γg¯(r, q)
(
3− Γg¯(r, q)
Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
)
+
−Γg¯(r, q)∇¯
aΓg¯(p, r)∇¯bΓg¯(p, r)∇¯a∇¯bΓg¯(r, q)
Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
]
.
The divergene of T a, on its turn, leads to
∇¯aT a = 1
Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
.
[
Γg¯(p, r)∇¯a∇¯aΓg¯(r, q)− Γg¯(r, q)∇¯a∇¯aΓg¯(p, r)− 1
Γg¯(p, r) + Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
.
.
(
(Γg¯(p, r)− Γg¯(r, q))g¯−1(dΓg¯(p, r), dΓg¯(r, q)) + Γg¯(r, q)∇¯aΓg¯(p, r)∇¯bΓg¯(p, r)∇¯a∇¯bΓg¯(r, q)+
−Γg¯(p, r)∇¯aΓg¯(r, q)∇¯bΓg¯(r, q)∇¯a∇¯bΓg¯(p, r)
)]
,
whih in the future horizon ∂+Wp,q beomes
∇¯aT a↾∂+Wp,q =
1
Γg¯(p, r) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
.
[
Γg¯(p, r)∇¯a∇¯aΓg¯(r, q) − 1
Γg¯(p, r) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
.
.
(
Γg¯(p, r)g¯
−1(dΓg¯(p, r), dΓg¯(r, q)) − Γg¯(p, r)∇¯aΓg¯(r, q)∇¯bΓg¯(r, q)∇¯a∇¯bΓg¯(p, r)
)]
,
and in the past horizon ∂−Wp,q,
∇¯aT a↾∂−Wp,q = −
1
Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
.
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[
Γg¯(r, q)∇¯a∇¯aΓg¯(p, r)− 1
Γg¯(r, q) + g¯−1(dΓg¯(p, r), dΓg¯(r, q))
.
.
(
Γg¯(r, q)g¯
−1(dΓg¯(p, r), dΓg¯(r, q)) − Γg¯(r, q)∇¯aΓg¯(p, r)∇¯bΓg¯(p, r)∇¯a∇¯bΓg¯(r, q)
)]
.
We obtain immediately from the formulae above that
lim
→q
κ¯+ = 1 = − lim
→p
κ¯−, lim
→q
∇¯aT a = −d = − lim
→p
∇¯aT a.
The result hene follows from formula (2.48) and the disussion after Denition
2.2. 
Remark 2.3 The result and the proof of Theorem 2.6 hold for geodesially onvex
diamonds Op,q in arbitrary ausally simple spaetimes with no hange.
There are two aveats about Theorem 2.6 as far as the interpretation of the wedge
Wp,q as the exterior region of an event horizon is onerned.
• All results of this Subsetion involve the metri g¯ of the onformal losure, and
not the physial metri g. We have, though, that
(2.50)
T a∇¯ag¯(T, T )
g¯(T, T )
=
T a∇ag(T, T )
g(T, T )
+ 2z〈dz, T 〉
and
∇¯aT a = g¯ab∇¯aTb = 1
z2
gab∇¯aTb =(2.51)
=
1
z2
∇aT a − 1
z2
gabCcabTc =
1
z2
∇aT a + d− 2
2z3
〈dz, T 〉 ⇒
⇒ ∇aT a = z2∇¯aT a − d− 2
2z
〈dz, T 〉,
where Ccab is the tensor (A.27) whih relates the onnetions ∇¯ and ∇ (see page
118). As T a is tangent to I vanishes at p and q (see formula (2.39), page 45),
it follows that 〈dz, T 〉 = o(z) as we get lose to p or q. Taking into aount that
T a is an asymptoti Killing eld, we obtain that κ± also denes the asymptoti
past/future surfae gravity with respet to g as we get lose to p, q. As the
asymptoti values of κ± are the same for all asymptoti Killing elds
duλp,q
dλ
in
Wp,q as z ց 0, it follows that the onlusion of Theorem 2.6 also holds for non
geodesially onvex wedges and the asymptoti Killing elds onstruted in
Subsetion 2.3.2.
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• The sign of κ+ we've obtained is minus what it's expeted from an event horizon,
for the origin of our ane parameter for the (future oriented) generators of ∂+Wp,q
orresponds to q and not to ∂I+(p,M ) ∩ ∂I−(q,M ), whih would orrespond to
a bifuration surfae of the horizon (notie the hange of sign in (2.49)). A
orretion of this problem leads to the desired hange of the sign of κ+.
Let us notie, nally, that there is a hypothesis about the normalization of T a
impliit in the denition of κ±. More preisely, our denition is onditioned to the
following fat: if Γg¯(0)(p, r) = Γg¯(0)(r, q), i.e., r is the middle point of the maximal time-
like geodesi in M in(r) ∋ p, q linking p to q, learly implying that (0)∇¯aΓg¯(0)(p, r) =
−(0)∇¯aΓg¯(0)(r, q), then g¯(0)(T, T )(r) = −
d
g¯(0)
(p,q)2
16
. If we resale T a by a fator R ∈ R,
κ± is resaled by the same fator, by denition. This has, for instane, the onsequene
that, if we take p0 = (−1, 0), q0 = (1, 0) and resale the T a assoiated to the diamond
DRp0,Rq0 by a fator
2
R
, so as to maintain g¯(0)(T, T )(r) = η(T, T )(0) = −1, it follows
that κ±
R→+∞−→ 0, in a way onsistent with the fat that 2
R
T a
R→+∞−→ (∂0)a (physially,
the Unruh temperature assoiated to time translations in Minkowski spaetime is
zero).
We an understand Proposition 1.8 as a formulation of the seond law of blak hole
dynamis for AAdS wedges, as the shrinking of AAdS wedges expressed there provokes
a derease of the area of the transversal setions of the past and future horizons, the
larger the deeper we penetrate the bulk, that is, in the opposite orientation to the
one of the time evolution (notie that, unlike Hawking's Area Theorem, we annot
express this result diretly in terms of the physial spaetime (M , g), for the transversal
setions of horizons of AAdS wedges are nonompat and hene have always innite
area). The ase in whih there is no inrease of entropy, whih haraterizes reversible
proesses, beomes:
Theorem 2.7 (Charaterization of reversible proesses in AAdS wedges)
Let (M , g) be am asymptotially simple AAdS spaetime satisfying the hypotheses of
Proposition 1.8, and (p, q¯) ∈ D(I ), r ∈ Dp,q¯. Suppose that, for r suiently lose
to q, we have W ′r,q¯ ∩ W ′q,r¯ = ∅. Then ∂+Ws,q¯ is a null C∞ hypersurfae whih is to-
tally geodesi with respet to g for all s ∈ I suh that (s, q¯) ∈ D(I ). In partiular,
W ′s,q¯ ∩W ′q,s¯ = ∅ for all s ∈ I suh that (s, q¯) ∈ D(I ).
Proof. Follows immediately from Proposition 1.8 and Remark 1.7. 
Notie that, by virtue of Theorem 2.6, it makes no sense to speak of a third law
for the dynamis of AAdS wedges and diamonds.
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 A lo que yo imagino  dijo don
Quijote , no hay historia humana en el
mundo que no tenga sus altibajos,
espeialmente las que tratan de aballerías, las
uales nuna pueden estar llenas de prósperos
suesos.
ix
Miguel de Cervantes Saavedra
El ingenioso hidalgo don Quijote de la
Manha, Segundo Libro, Cap. III
Part II
Holographi avatars of Loal Quantum
Physis
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Chapter 3
Loally Covariant Quantum Theories
(Hamlet.)  O God! I ould be bounded in
a nutshell, and ount myself a king of innite
spae, were it not that I have bad dreams.
William Shakespeare
Hamlet, Prine of Denmark, At II, Sene II
Having onvined ourselves about the need for rethinking the implementation of
asymptoti isometries of spaetime already in the ontext of lassial gravity, we shall
now introdue a proper formalism for the disussion of this question at the level of
loal quantum theories. Suh a formalism was reently proposed by Brunetti, Fre-
denhagen and Verh [BFV03℄, and one an base it on the observation, related to
the remark at the beginning of Chapter 2 (see page 32), that the speiation of phys-
ial proedures and its relative ordering are inherently loal  these are insensitive to
the struture of the Universe as a whole, into whih the loalization region of these
proedures is embedded. This, as we'll see, generalizes the notions of isotony and o-
variane of physial proedures in a single blow. We an even raise this observation to
the ategory of priniple  say, of loal ovariane.
On the other hand, we are immediately fored, in the light of these onsiderations,
to onsider all regions of all possible spaetimes on an equal footing. More preisely,
we must speify the possible physial proedures of a theory for eah of these regions,
in a oherent manner. Mathematially, we must speify a funtor from the ategory
of admissible spaetime regions to the ategory of possible physial proedures (we
advise the reader not familiar with the notions of ategory and funtor to onsult
Appendix C, page 145). It's now our objetive to make more preise the struture
we've just skethed, and investigate some of its properties.
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3. Loally Covariant Quantum Theories
3.1 Basi denitions
First, we shall onsider a loally ovariant quantum theory on globally hyperboli
spaetimes, for this lass is dynamially losed with respet to equations of motion
whih lead to ausal propagation of Cauhy data. In this ase, the ausal ommutation
relations between observables an be uniquely determined (the neessary modiations
of this onept in non globally hyperboli ases will be exposed in Chapter 4, page 67).
Definition 3.1 Let the ategories
G lhd =

objets: ObjG lhd = d-dimensional, globally hyperboli
spaetimes (M , g);
morphisms: HomG lhd((M , g), (M
′, g′)) = {ψ : (M , g)→ (M ′, g′)
isometri embeddings with open, ausally
onvex image};
and
A lg =
{
objets: ObjA lg = unital C*-algebras A;
morphisms: HomA lg(A,A
′) = {α : A→ A′ unital *-monomorphisms}.
A loally ovariant quantum theory is a ovariant funtor A from G lhd to A lg.
We say that A is:
• loally ausal if, for any pair (Oi, gi), (M , g) ∈ ObjG lhd, ψi ∈ HomG lhd((Oi, gi),
(M , g)), i = 1, 2, suh that ψ1(O1) and ψ2(O2) are ausally disjoint in (M , g),
then
[(Aψ1)(A(O1, g1)), (Aψ2)(A(O2, g2))] = 0
in A(M , g).
• primitively ausal if, given (O , g), (M , g) ∈ ObjG lhd, ψ ∈HomG lhd((O , g), (M , g)),
suh that ψ(O) ontains a Cauhy surfae for (M , g), then (Aψ)(A(O , g)) =
A(M , g), i.e., Aψ is a C*-isomorphism.
• additive if, given (Oi, gi) ∈ ObjG lhd, ψi ∈ HomG lhd((Oi, gi), (M , g)), i ∈ I, suh
that the olletion {ψi(Oi)} is an open overing of (M , g), then∨
i∈I
(Aψi)(A(Oi, gi)) = A(M , g)
, where ∨i∈I denotes the *-algebra generated by the *-algebras indexed by i ∈ I
and the above losure is in the C*-norm of A(M , g).
58
Relation with the usual axioms
Given (Mi, gi) ∈ ObjG lh, i = 1, 2, suh that M1 ⊂ M2 and g1 = g2↾M1, we denote,
for future onveniene, by iM1,M2 the natural inlusion of M1 into M2.
The thoughtful reader will notie that we ould generalize Denition 3.1 so as to
inorporate any external lassial bundle-valued eld onguration over the objets of
G lh, and not only the metri. A partiular ase would be the dimensional parame-
ters (masses, oupling onstants, et.) of the quantum eld theory in question. This
possibility will beome more evident in Setion 3.4 (page 62, where we dene loally
ovariant quantum elds.
3.2 Relation with the usual axioms
We'll now show how one an reover the axiomati sheme of Haag and Kastler
[HK64, Haa96℄ for theories of loal observables on a xed spaetime starting from a
loally ovariant quantum theory A.
Consider a xed spaetime (M , g) ∈ ObjG lhd, with (possibly trivial) isometry group
G(M , g). Let
(3.1) K (M , g)
.
= {O ⊂ M open, ausally onvex}.
Notie that, by the denition (3.1), (O , g↾O) is automatially globally hyperboli
for all O ∈ K (M , g), by virtue of the global hyperboliity of (M , g). Dening
(3.2) AM (O)
.
= AiO,M (A(O , g↾O)),
it follows that
1. The orrespondene K (M , g) ∋ O 7→ AM (O) is isotonous, i.e., given O1,O2 ∈
K (M , g) suh that O1 ⊂ O2, we have AM (O1) ⊂ AM (O2).
To show this, notie that
AiO1,O2(A(O1, g↾O1)) ⊂ A(O2, g ↾O2) ⇒
⇒ AiO2,M (AiO1,O2(A(O1, g↾O1))) = AiO1,M (A(O1, g↾O1)) ⊂
⊂ AiO2,M (A(O2, g↾O2)),
where the equality follows from the ovariane of A.
In other words, K (M , g) ∋ O 7→ AM (O) is a preosheaf of C*-algebras over the
ausally onvex open sets of M , ordered by inlusion (see page 148 in Appendix
C for the ategorial denition of the onept). If K (M , g) is direted (i.e., given
O1,O2 ∈ K (M , g), there exists O3 ∈ K (M , g) suh that O1,O2 ⊂ O3), then
K (M , g) ∋ O 7→ AM (O) is a net.
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2. There exists a representation of G(M , g) ∋ u by *-automorphisms αu .= Au of
A(M , g) oherent with the preosheaf (net) struture above, that is, αu1 ◦ αu2 =
αu1u2 and αu(AM (O)) = AM (u(O)), ∀u, u1, u2 ∈ G(M , g), O ∈ K (M , g).
The rst property follows immediately from the ovariane of A. To show the
seond property, notie that u ↾ O is a isometri embedding of (O , g ↾ O) into
(u(O), g↾u(O)), and that iO,M = iu(O),M ◦ u, for all u ∈ G(M , g), O ∈ K (M , g).
The result then follows, one more, from the ovariane of A, as in item 1.
3. If A is loally ausal, it follows that the preosheaf (net) O 7→ AM (O) is loally
ausal in the usual sense of Haag and Kastler, i.e., given O1,O2 ∈ K (M , g)
suh that O1 ⊥M O2, then [AM (O1),AM (O2)] = {0} (follows immediately from
Denition 3.1).
4. Analogously to item 3, if A is primitively ausal (resp. additive), the preosheaf
(net) O 7→ AM (O) is primitively ausal (resp. additive) in the usual sense of
Haag and Kastler (up to weak losure of the loal algebras, whih we take for
granted  see the end of this Chapter for more on this issue).
Definition 3.2 Let A a loally ovariant quantum theory, and (M , g) ∈ ObjG lh.
The preosheaf K (M , g) ∋ O 7→ AM (O) (net, if K (M , g) is direted) is said to be a
realization of A in (M , g).
There is a detail on the realization of A in (M , g) whih requires a ertain are with
respet to the onept of a Haag-Kastler preosheaf (net) of loal observables. It
onerns the denition of quasiloal algebra: the latter is given by the indutive limit
(see Appendix C, formula C.1, page 150 for the ategorial denition of the onept)
(3.3) AM
.
=
⋃
O∈K (M ,g)
A(O)‖.‖,
where ‖.‖ is the norm of A(M , g). Although learly AM ⊂ A(M , g), it's not neessarily
true that AM = A(M , g)! Nevertheless, is we ignore A(M , g) and understand A(O)
as loal C*-subalgebras of AM , then we see that the realization of A in (M , g) indeed
denes a Haag-Kastler preosheaf. A generalization of the onept of quasiloal
algebra that allows one to dene loally ovariant quantum theories in non globally
hyperboli spaetimes and inorporate the speiation of boundary onditions will be
presented in Chapter 4, page 67.
We'll now investigate some dynamial properties of a primitively ausal A. Consider
a foliation of (M , g) by Cauhy surfaes R ∋ t 7→ Σt = τ−1(t), given by the global time
funtion τ  more preisely, suh foliation is given by the dieomorphism F τ : R×Σ ∋
(t, x) 7→ F τ (t, x) ∈ Σt ⊂ M , where we make the onvention Σ .= Σ0 (i.e., F τ (t,Σ) = Σt
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and F τ (R, x) is the orbit of x ∈ Σ0 indued by the foliation). Attribute to eah Σt an
open, ausally onvex neigbourhood Nt ⊃ Σt,1 and dene the two-parameter family of
*-isomorphisms [BF07, Ver96℄
(3.4) R
2 ∋ (t1, t2) 7→ ατt1,t2
.
= (AiNt2 ,M )
−1 ◦ AiNt1 ,M : A(Nt1 , g↾Nt1 )→ A(Nt2 , g↾Nt2),
denominated propagator of A in (M , g) assoiated to τ . The propagator ατ.,. satises
(3.5) ατt2,t3 ◦ ατt1,t2 = ατt1,t3 , ατt,t = idA(M ,g), ∀t1, t2, t3, t ∈ R,
i.e., ατ.,. implements the pair groupoid PR assoiated to R.
2
It's important to notie
that, although the propagator preserves, by denition, the loalization of the phys-
ial proedures throughout time (i.e., of the orbits of the foliation), it doesn't im-
plement in a geometrial way the ux of dieomorphisms F (. + t, .) ◦ F−1, t ∈ R:
onsider, for instane, an open set S of Σ, and dene St
.
= F τ (t,S ). It's false that
ατt1,t2(ANt1 (D(St1) ∩Nt1 , g↾D(St1)∩Nt1 )) = ANt2 (D(St2) ∩ Nt2 , g↾D(St2)∩Nt2 ) (D(.) de-
notes the Cauhy development; notie that the intersetion of two ausally onvex
open sets is ausally onvex), showing that ατ.,. is, indeed, a dynamial and not a kine-
mati objet.
We also emphasize that the size of Nt is essentially irrelevant. Indeed, we an take
the set Nt of all open, ausally onvex neighbourhoods of Σt and dene the projetive
limits (see Appendix C, formula C.1, page 150 for the ategorial denition of the
onept)
AΣt
.
=
⋃
Nt∈Nt
A(Nt, g↾Nt)/ ∼,(3.6)
AΣt(St)
.
=
⋃
Nt∈Nt
ANt(D(St) ∩Nt, g↾D(St∩Nt))/ ∼′, S ⊂ Σ open,
where the equivalene relation ∼ identies the elements of the orbits of the family
of *-isomorphisms AiN 1t ,N 2t and the equivalene relation ∼′ identies the elements of
1
Notie that we haven't rst dened Nt0 for a xed t0 and later on dened Nt as the image of
Nt0 under the ux from t0 to t indued by the foliation. As this family of dieomorphisms doesn't
neessarily preserve the ausal struture of Nt0  for suh, it's neessary and suient that the dif-
feomorphisms here are onformal transformations [BEE96℄ , the image of Nt0 may not be ausally
onvex. Moreover, it's sometimes onvenient to treat two disjoint Cauhy surfaes without neessar-
ily having the ux of a foliation onneting both; a situation when this ours will be illustrated later
on.
2
Given a set S, the pair groupoid PS assoiated to S is dened in the following way (for the
denition of groupoid, see Appendix C, page 147): ObjPS
.
= S, ArrPS = S2 ∋ (s1, s2), where
D((s1, s2)) = s1, CD((s1, s2)) = s2, 1s = (s, s) and the omposition law is given by (s2, s3)(s1, s2) =
(s1, s3).
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the orbits of the family of *-isomorphisms AiD(St)∩N 1t ,D(St)∩N 2t , N
i
t ∈ Nt, i = 1, 2,
N 1t ⊂ N 2t . This proedure denes the quasiloal algebra and the loal subalgebras of
germs of physial proedures at instant t with respet to the foliation indued by τ .
We also denote by ατt1,t2 the propagator linking AΣt1 to AΣt2 indued by (3.6). Notie
that the projetive limit is not the restrition of A(M , g) to Σt (suh an identiation
is possible only for free quantum eld theories, for whih the restrition to spaelike
hypersurfaes is a mathematially well dened operation).
3.3 Quantum states in urved spaetimes
Now, the notion of states requires more are in this formalism, for, unlike physial
proedures, states are inherently nonloal  they are sensitive to the global geometry
of spaetime and an as well respond in a nonloal manner to loal perturbations of
the metri.
Definition 3.3 Let the ategory
S ts =

objets: ObjS ts = sets S of states over unital
C*-algebras;
morphisms: HomS ts(S,S
′) = {σ : S→ S′ linear positive maps;}.
Given a loally ovariant quantum theory A, a (loally ontravariant) state spae is a
ontravariant funtor S from G lhd to S ts, suh that Sψ = (Aψ)∗ is the dual (pull-
bak) of Aψ for all ψ ∈ ArrG lh, i.e., given ω ∈ S(M ′, g′) and ψ ∈ HomG lh((M , g),
(M ′, g′)), we haveSψ ∈ HomS ts(S(M ′, g′),S(M , g)) is dened by Sψ(ω) = (Aψ)∗(ω).
= ω ◦ Aψ.
3.4 Loally ovariant quantum elds
In the developments presented so far, the topologial struture of C*-algebras at-
tributed to the objets of A lg have had only a seondary role (denition of quasiloal
algebras, et.). Indeed, we ould have dened the objets of A lg as unital *-algebras,
and attributed a topologial struture suited to onveniene. Before proeeding further,
let us dene the ategory
T alg =
{
objets: ObjT alg = unital topologial *-algebras F;
morphisms: HomT alg(F,F
′) = {α : F→ F′ unital *-monomorphisms}.
and the pushforward funtor of test funtions D : G lhd → T vs given by
D(M , g) = C∞c (M ),(3.7)
Dψ(f)(p) = ψ∗(f)(p)
.
=
{
f(q) (p = ψ(q))
0 otherwise
,
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where T vs is the ategory of topologial vetor spaes (see Appendix C). We an also,
sometimes, understand D as a funtor from G lh to the ategory T op of topologial
spaes.
Definition 3.4 A loally ovariant quantum eld theory is a ovariant funtor F :
G lh → T alg. A loally ovariant salar quantum eld is a natural transformation
Φ : D→ F, where D and F are here understood as funtors from G lh to T op. We say
that Φ is linear if Φ(M ,g) ∈ ArrT vs for all (M , g) ∈ ObjG lh.
Remark 3.5 Notie that the hypothesis of Φ(M ,g) being linear in the sense of Denition
3.4 has nothing to do with the nature of its self interation!
The notions of loal ausality, primitive ausality, additivity, realization of F in
(M , g) ∈ ObjG lh and of state spae are naturally obtained as extensions of the orre-
sponding onepts for loally ovariant quantum theories (the only needed modiation
is the substitution of *-algebra for C*-algebra in formula (3.7) of Denition 3.3, page
62).
A typial example (albeit apparently trivial) of a loally ovariant quantum eld
theory is the attribution, to eah (M , g) ∈ ObjG lh, of the Borhers-Uhlmann
algebra F (M ) (see Appendix B.3, Denition B.11, page 143)  it's immediate to
see that F satises Denition 3.4. This loally ovariant quantum eld theory serves
uniquely the purpose of dening the kinematis of an Hermitian salar eld, and it's
onwards alled the Borhers-Uhlmann funtor. The realization of this F in (M , g) ∈
ObjG lh has as its quasiloal algebra FM = F(M ) (it sues to apply partitions of
unity), and possible examples of loally ovariant salar quantum elds assoiated to
F are:
• Φ(M ,g) = idC∞c (M ), i.e, Φ identies f ∈ C∞c (M ) with the orresponding element
of F(M );
• Φ(M ,g)(f) = [f ], where [f ] is the equivalene lass of f under the quotient of
F(M ) modulo a *-ideal I(M , g). In order to (M , g) 7→ F(M )/I(M , g) to dene
a loally ovariant quantum eld theory, it's neessary that the orrespondene
(M , g) 7→ I(M , g) denes a ovariant funtor from G lh to T alg. In this ase,
the quotient map denes a natural transformation, by virtue of the its universal
property [Ja85℄ (see also Appendix C, page 143). The speiation of *-ideals as
I(M , g) onstitutes a way to impose a dynamis to the Borhers-Uhlmann
algebra. This example, as well as the previous one, result in linear elds.
• Here we elaborate the previous example, basing on the onsiderations at the end
of Setion B.3. Consider a state spae S, where S(M , g) onsists of a set of
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hierarhies ω of k-point distributions ωk ∈ D ′(M k) and Sψ is the pullbak ψ∗ of
distributions under ψ ∈ ArrG lh, suh that
I(M , g) ⊂
⋂
ω∈S(M ,g)
Annω.
In this ase, the loally ovariant quantum eld Φ of the former example naturally
indues a set of states Φ∗(M ,g)S(M , g) over eah F˜(M , g)
.
= F(M )/I(M , g)
(Φ∗(M ,g)ωk)([f1], . . . , [fk]) = ωk(f1, . . . , fk),
in a way that Φ∗.S(.) is a loally ontravariant state spae.
The possibility of proeeding as in the formalism of Wightman and dening quan-
tum elds starting from states by means of the Wightman-GNS representation an,
of ourse, an, of ourse, be onveyed for the realization of the Borhers-Uhlmann
funtor in some (M , g) ∈ G lh, although it should be onsidered with are as far as the
Priniple of Loal Covariane is onerned, for individual states are not loally on-
travariant. We may, nevertheless, onsider the following senario  by the way, already
assessed by Haag and Kastler in [HK64℄, and whih served them as a motivation for
the introdution of the algebrai approah to QFT  under the light of the examples
addressed above.
Let S be a state spae assoiated to F, suh that
(3.8)
Annω(M ,g) = Annω
′
(M ,g)
.
= I(M , g), ∀ω(M ,g), ω′(M ,g) ∈ S(M , g), (M , g) ∈ ObjG lh.
Employing the ontravariane of S, we an show that, in this ase, the orrespon-
dene (M , g) 7→ I(M , g) denes a loally ovariant quantum eld theory. Hene,
as we've seen, Φ(M ,g)(f) = [f ] = f/I(M , g) denes then a loally ovariant salar
quantum eld, thus realizing our desideratum about inorporating the dynamial in-
formation of a loally ovariant quantum eld theory into the speiation of a state
spae, showing at the same time that the quantum eld obtained is independent of a
hoie of a representative from the set of states, by the First *-Isomorphism Theorem.
From the viewpoint of a loally ovariant quantum eld theory A, (3.8) has an
even deeper interpretation: the GNS representations of A(M , g) assoiated to eah
ω(M ,g) ∈ S(M , g) are not only quasiequivalent (i.e., the sets of normal states over
πω(M,g)(A(M , g))
′′
and πω′
(M,g)
(A(M , g))′′ oinide, or, equivalently, these two von
Neumann algebras are *-isomorphi  see Theorem 2.4.26 of [BR87℄), but also, as
a onsequene, the GNS representations of the quasiloal algebra AM of the realization
of A in any (M , g) are loally quasiequivalent, that is, the sets of normal states over
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πω(M,g)(A(O))
′′
and πω′
(M,g)
(A(O))′′ oinide. Hene, loal quasiequivalene beomes a
highly desirable requirement for physially relevant state spaes and essentially allows
us to pass from loal C*-algebras to loal von Neumann algebras in the same manner
as in the Haag-Kastler formalism. An even more detailed disussion about the role
of loal quasiequivalene in the ontext of the Priniple of Loal Covariane an be
found in [BFV03℄.
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Chapter 4
Implementing the Holographi Priniple
in AAdS spaetimes
In due modi si raggiunge Despina: per nave
o per ammello. La ittà si presenta dierente
a hi viene da terra e a hi dal mare.
(...)
Ogni ittà rieve la sua forma dal deserto a
ui si oppone; e osì il ammelliere e il
marinaio vedono Despina, ittà di onne tra
due deserti.
x
Italo Calvino
Le ittà e il desiderio 3 (Le ittà invisibili)
xi
4.1 Loal ovariane with boundary onditions
In Chapter 3, we've built a general framework for the desription of loally ovariant
quantum theories in globally hyperboli spaetimes. Within suh a lass, ommutation
relations among loal proedures (given by the elements of the loal algebras) an be
established without ambiguities, for globally hyperboli spaetimes onstitute losed
systems with respet to ausal dynamial laws, i.e., whih propagate loal physial
eets with speed inferior or equal of that of the light. However, we know that we
an always over any spaetime with open, globally hyperboli and ausally onvex
neighbourhoods  in the ase of strongly ausal spaetimes, suh neighbourhoods even
onstitute a basis for the spaetime topology. And not even for this should we expet
that, in these open systems, we may assume loal ausality a priori.
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In the ase of the realization of A in a globally hyperboli spaetime, loal ausality
is oherent with the inlusions of the algebras, for by means of an adequate hoie of
the family of globally hyperboli neighbourhoods, it's always possible to nd, given any
two ausally disjoint suh neighbourhoods (one of them, eventually, being suiently
small), a third one whih ontains both.
1
It's preisely the violation of this property
that auses diulties in the ase of non globally hyperboli spaetimes.
To pinpoint suh diulties proper in the extension of the Priniple of Loal Co-
variane to spaetimes suh as (A)AdS, we shall now exhibit a more general way to
onstrut the realization of a loally ovariant quantum theory A, valid even for non
globally hyperboli spaetimes (M , g). This path was proposed by Sommer [Som06℄
and makes more transparent the neessity and the role of boundary onditions on the
imposition of loal and primitive ausality  in order to make learer the ontext of
the latter property, we'll restrit ourselves to stably ausal spaetimes, for these, as
seen in Appendix A, an be foliated by onstant time hypersurfaes, for whih it's
meaningful to formulate a (mixed boundary-)initial-value problem.
Let, then, (M , g) be a stably ausal spaetime, and K (M , g) the set of globally
hyperboli, ausally onvex open regions (O , g↾O), O ⊂ M (we sometimes omit g↾O
whenever suh proedure doesn't ause onfusion). Let us onsider initially, given a
loally ovariant quantum theory A,
(4.1) AM =
∨
{(A,O) : A ∈ A(O , g↾O), O ∈ K (M , g)},
the free *-algebra generated by the elements indiated above. Let now the *-ideal
IM
.
= AMEMAM , where EM is the *-algebra generated by the relations
(A,O) + (B,O)− (A+B,O),(4.2)
(A,O)(B,O)− (AB,O),
λ(A,O)− (λA,O), ∀λ ∈ C and
(A,O1)− (AiO1,O2(A),O2), ∀O , O1, O2 ∈ K (M , g), O1 ⊂ O2.
We know that eah element (A,O) possesses the (C*-)norm ‖(A,O)‖ = ‖A‖, on-
sistent with the relations (4.2) (reall that AiO1,O2 is a *-monomorphism for O1,O2 ∈
K (M , g), and, hene, ‖(AiO1,O2(A),O2)‖ = ‖(A,O1)‖ = ‖A‖!). Applying now the uni-
versal onstrution of Blakadar [Bla85, Bla06℄,
2
to the generators in (4.1) and to the
relations (4.2), we dene the olletion Π(AM , IM ) of admissible *-representations of
the pair (AM , IM ), onsisting in the *-representations π of AM suh that π(IM ) = {0}.
1
See [GLRV01℄. This fat if of the utmost importane in the algebrai theory of superseletion
setors.
2
I thank Prof. Severino Tosano do Rêgo Melo for bringing the referene [Bla85℄ to my attention.
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It thus follows that the universal C*-seminorm ‖A‖u = supπ∈Π(AM ,IM ) ‖π(A)‖ is nite
for all A. Denoting the *-ideal I¯M
.
= {A : ‖A‖u = 0}, then we obtain the quasilo-
al C*-algebra A(M , g) as the universal C*-algebra given by the generators AM and
relations IM :
3
(4.3) A(M , g)
.
= (AM /I¯M )‖.‖u .
Let's now see how the *-morphisms indued by isometri embeddings ψ : (M1, g1)→
(M2, g2) with ausally onvex image behave. Obviously, ψ(K (M1, g1)) ⊂ K (M2, g2),
and ψ↾O , O ∈ K (M1, g1), denes and isometri embedding of O into ψ(O), naturally
dening a *-monomorphism from AM1 to AM2 . Let us dene the following *-morphism:
Aψ : A(M1, g1) → A(M2, g2)(4.4)
A + I¯M1 7→ Aψ(A) + I¯M2 .
Notie that, due to the onsiderations of the previous paragraph, if [A]Mi is the
equivalene lass of A ∈ AMi (under the quotient) modulo I¯Mi (i.e., [A]Mi = [A+ J ]Mi
if J ∈ I¯Mi), i = 1, 2, it follows that Aψ([A + J ]M1) = [Aψ ↾ O(A)]M2, for all A ∈
A(O , g↾O), showing that the denition (4.4) isn't empty and indeed denes a nontrivial
*-morphism. Aψ is unital, but not neessarily injetive! Hene, we must weaken the
properties of the morphisms of the ategory of (C)*-algebras so as to A to dene a
ovariant funtor from the (full super)ategory of the stably ausal spaetimes to the
latter  the ovariane of A is guaranteed by the First *-Isomorphism Theorem (Theo-
rem B.2, page 123). We'll now exhibit a situation whih illustrates with perfetion how
this fat ompliates the imposition of loal ausality.
Consider O1, O2 ∈ K (M1, g1) ausally disjoint, suh that there is no O3 ∈ K (M1,
g1) suh that O1, O2 ⊂ O3, but there exists an O4 ∈ K (M2, g2) suh that ψ(O1), ψ(O2)
⊂ O4. Let A be loally ausal (i.e., with respet to globally hyperboli regions). Then
we have
[(A(iψ(O1),O4 ◦ ψ)(A),O4), (A(iψ(O2),O4 ◦ ψ)(B),O4)] = 0.
However, there is nothing under our hypotheses preventing
[(A,O1), (B,O2)] = C 6= 0,
unless A = 0 or B = 0. Hene, for A,B 6= 0, it follows that C /∈ IM1 and [C]M1 ∈
KerAψ, potentially spoiling the injetivity of Aψ (it may our, though, that C ∈ I¯M1 ,
3
Notie that we haven't taken the quotient modulo the *-ideal IM . Were there a way to guarantee
the existene of an admissible *-representation π suh that Kerπ = IM , we ould equivalently take
suh a quotient. However, this is in general impossible, for IM is not neessarily losed in the C*-norm
dened for the elements of AM .
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but there is no way of guaranteeing this a priori). Nevertheless, the *-morphisms
A(ψ ◦ iO,M1) are always injetive, for all O ∈ K (M1, g1).
The onstrution above allows one to write the following
Definition 4.1 Let the ategories
S tcd =

objets: ObjG lhd = d-dimensional, stably ausal
spaetimes (M , g);
morphisms: HomS tcd((M , g), (M
′, g′)) = {ψ : (M , g)→ (M ′, g′)
isometri embeddings with open, ausally onvex
image};
(G lh is, hene, a full subategory of S tc) and
A lgb =

objets: ObjA lg = unital C*-algebras A;
morphisms: HomA lg(A,A
′) = {α : A→ A′ unital *-morphisms
(not neessarily injetive)}.
An extended loally ovariant quantum theory is a ovariant funtor A from S tcd to
A lgb, suh that A↾G lh is a loally ovariant quantum theory in the sense of Denition
3.1, page 58. Given (M , g) ∈ ObjS tcd, the realization of A in (M , g) is given by
the preosheaf K (M , g) ∋ O 7→ A(O) .= ({(A,O) : A ∈ A(O , g↾O)}/I¯M )‖.‖, following
Blakadar's onstrution given above. We say yet that A is regular is eah loal
algebra A(M , g) oinides with the quasiloal algebra of the realization ofA in (M , g),
given by (4.3).
4
It's immediate to see that the realization of A in (M , g) ∈ ObjG lhd in the sense
of Denition 4.1 oinides with Denition 3.2 up to an *-isomorphism. The loss of
injetivity of the *-morphisms indued by A translates itself to the freedom of hoie of
boundary onditions. Before making this idea more preise, we'll show what beomes
of the remaining properties of A.
• If (M , g) possesses a nontrivial group of isometries G ∋ ψ, it beomes lear that
ψ indues a bijetion of K (M , g) ∋ O onto itself. Thus, we see that the *-
morphism Aψ is expliitly invertible, with inverse given by A(ψ−1), for all ψ ∈ G.
Thus, the Priniple of Loal Covariane allows the implementation of the ation
of isometry groups even in the non globally hyperboli ase.
4
Here, we indulge in a slight abuse of notation, for we'll only deal with the regular ase in what
follows.
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• Loal ausality holds in the following sense: if the restrition of A to the ategory
of globally hyperboli spaetimes is loally ausal, and given, as in the example
above, O1, O2 ∈ K (M1, g1) ausally disjoint with respet to O3 ∈ K (M1, g1)
(i.e., O3 ⊃ O1,O2 and O1 ⊥O3 O2), it follows by loal ovariane that
[AiO1,M (A1),AiO2,M (A2)] = 0,
for all Ai ∈ A(Oi, g↾Oi), i = 1, 2.
• Additivity remains valid with no hanges, as long as the overing onsists in
globally hyperboli regions.
• Primitive ausality has no immediate extension to non globally hyperboli spae-
times. In the ase of stably ausal spaetimes, a tentative denition ould be
the following: let τ be a global time funtion in (M , g), and N ⊂ M an open,
ausally onvex neighbourhood of, say, Σ = τ−1(0). Then we say that A is weakly
primitively ausal if it's primitively ausal with respet to globally hyperboli re-
gions and AiN ,M is a *-epimorphism. Suh a denition is onvenient, for the ambi-
guity in the hoie of boundary onditions beomes expressed in a purely algebrai
manner, as follows: onsider any *-ideal J of A(N , g↾N ) ontaining KerAψ. If
A is weakly primitively ausal, then the map A + J 7→ Aψ(A) + AiN ,M (J) is
a *-isomorphism from A(N , g ↾N )/J onto A(M , g)/AiN ,M (J), by the First *-
Isomorphism Theorem.
The speiation of the ideal J in the ontext of weak primitive ausality orre-
sponds preisely to the hoie of boundary onditions. That a minimal hoie is
always possible, is guaranteed by the denition of weak primitive ausality (it sues
to take J = KerAiN ,M ). A maximal hoie would be the ase in whih J is a maximal
ideal of A(N , g↾N ) (the existene of maximal *-ideals follows from the Zorn lemma;
see Appendix C for its statement in a ategorial ontext)  then the quotient *-algebra
A(N , g↾N )/J is simple, i.e., it has no nontrivial losed *-ideals, and any *-epimorphism
with domain in A(N , g↾N )/J is automatially a *-isomorphism.
It's important to hoose boundary *-ideals J whih are preserved by {Aψ : ψ ∈
G(M , g)}, for only then is G(M , g) implemented in A(M , g)/AiN ,M (J) by a group
*-automorphisms. Loal ovariane is preserved by the quotient, for AiO,N (A(O , g ↾
O))/(J∩AiO,N (A(O , g↾O))) ∼= (AiO,N (A(O , g↾O))+J)/J, by the Seond *-Isomorphism
Theorem (Theorem B.3, page 124).
Remark 4.2 As the onstrutions above make referene uniquely to *-algebrai prop-
erties, they naturally extend to Borhers-Uhlmann algebras and, as a onsequene,
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to loally ovariant quantum elds. Indeed, in the ase of free elds, the algebrai impo-
sition of boundary onditions supersedes the orresponding funtional analyti onept
in the one-partile Hilbert spae (i.e., self-adjoint extensions of the Hamiltonian gen-
erator of unitary time evolution)  see [Som06℄ for the partiular ase of the Weyl
algebra of the Klein-Gordon eld in {x ∈ R1,d−1 : xd−1 > 0} with Dirihlet or
Neumann boundary onditions at xd−1 = 0. Both *-ideals in this example are maximal.
4.2 Loally ovariant quantum theories in AdS
We shall now onsider the realization of a loally ovariant quantum theory A in
AdSd in the spirit of Setion 4.1, following the work of Buhholz, Florig and
Summers [BFS00℄. (The onneted omponent to identity of) the group of isome-
tries of AdSd indues, as seen in Setion 4.1, a group of *-automorphisms {αg : g ∈
SOe(2, d− 1)} in A(AdSd) whih preserves the loal struture of A.
Of partiular interest are the (quasi)loal algebras assoiated to wedges Wp,q, p ≪
q ∈ M in(r), r ∈ I . As seen in Subsetion 1.2.2, eah Wp,q possesses a one-parameter
subgroup of isometries {uλp,q, λ ∈ R} of AdSd whih preserves the former, given by
formula (1.26). We emphasize here a property of uλp,q obtained in the more general
ontext of Chapter 2 (see page 48) and whih will be of great importane in the present
Chapter: the asymptoti behaviour of gλp,q as λ → ±∞. It follows immediately from
formulae (1.26) (page 11), (2.40) (page 48) and the adjoint ation of SOe(2, d−1) that,
in Poinaré oordinates,
(4.5) uλp,q(x, z) ∼
{
(e−λ(x− x(q)), e−λz) (λ→ +∞)
(eλ(x− x(p)), eλz) (λ→ −∞) , ∀(x, z) ∈ Wp,q,
i.e., uλp,q ats asymptotially as saling transformations around p (resp. q) as λ→ −∞
(resp. λ→ +∞). Gone through these geometrial preliminaries, we'll speify what we
assume from our physial models:
1. The model is given by the realization of a regular, extended loally ovariant
quantum theory A in the olletion W (AdSd) of the wedges of AdSd, whih, on
its turn, provide by loal ovariane a realization of A in AdSd, aording to the
onstrution of Setion 4.1.
2. We suppose that the group Auλp,q of *-automorphisms of A(Wp,q) is strongly on-
tinuous for all (p, q) ∈ D(I ).
3. A is loally ausal with respet to globally hyperboli regions.5
5
This ondition isn't assumed in [BFS00℄, whih employs a minimal adaptation of the formalism
of Haag and Kastler to AdS spaetimes.
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We opt for realizing A not only in AdSd, but also in eah wedge individually, for
this allows us not only to introdue physially reasonable boundary onditions but also
to extend a good deal of our following onsiderations to loally AAdS spaetimes. The
ondition on the elementary states will be disussed in Subsetion 4.2.1 below.
We onlude this Subsetion by outlining, for ompleteness, the original form of
Rehren duality: [Reh00℄.
Definition 4.3 The Rehren-dual quantum theory to the realization of A in AdSd
is the onformally ovariant preosheaf Dp,q 7→ A(Dp,q) .= A(ρ−1AdSd(Dp,q)) = A(Wp,q) of
C*-algebras, indexed by the olletion of diamonds in I . Here, ρAdSd is the Rehren
bijetion (1.32) (page 15).
4.2.1 Boundary values as a dynamial ondition
It's natural to understand eah A(Wp,q) as a C*-dynamial system, whose group of
*-automorphisms is given by Auλp,q. The elementary states ω in A(AdSd) should rep-
resent a situation of thermodynami equilibrium, sine the dynamis is *-automorphi
 physially, the quantum dynamial system (A(Wp,q),Au.p,q) is losed.
We demand that, for any uniformly aelerated observer assoiated to Auλp,q, a state
ω over A(Wp,q) be passive, i.e.,
(4.6) − iω(U∗δp,qU) ≥ 0
for all U ∈ U1(A(Wp,q))∩D(δp,q), where δp,q is the derivation whih generates Auλp,q, with
domain D(δp,q) ⊂ A(Wp,q), and U1(A(Wp,q)) is the onneted omponent to identity of
the group of unitary elements of A(Wp,q). The requirement of passivity means that
it's not possible to extrat energy from ω by means of a yli proess  by this, one
understands time-dependent perturbations internal to the system whih are shut down
outside a nite time interval. Equivalently, ω satises the seond law of thermodynamis
in the formulation of Kelvin (in partiular, ω is invariant under Auλp,q, guaranteeing
the unitary implementability of Auλp,q in the GNS Hilbert spae Hω), and the rst
member of (4.6) orresponds to the (relative) entropy of the state ω(U∗.U) with respet
to the state ω (see Appendix B, page 136). We also require that ω satises weak
ergodiity (in mean):
(4.7) lim
T→+∞
1
T
∫ T
0
ω(AAuλp,q(B))dλ = ω(A)ω(B), ∀A,B,
whih means that ω is an extremal invariant state, that is, any order parameter (i.e.,
an element of the ommutant of the GNS representation of A assoiated to ω whih
is invariant under the ation of Auλp,q) is a c-number. In this ase, it follows that ω
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is a KMS state at some inverse temperature β ∈ [0,+∞], i.e., for all f ∈ S (R) with
fˆ ∈ C∞c (R), we have
(4.8)
∫ +∞
−∞
ω(AAuλp,q(B))f(λ)dλ =
∫ +∞
−∞
ω(Auλp,q(B)A)f(λ+ iβ)dλ, ∀A,B.
The ase β = +∞, orresponding to the ase where ω is a ground state, is exluded
by the following argument: onsidering, for instane, the wedge W = {X : η(X,X) =
−1, X1 > |X0|, Xd > 0} in the fundamental domain (1.5) of AdSd (page 5), we have
that the generator of the isotropy subgroup of W is the generator M01 of SOe(2, d−1).
As e−iπM12M01e
−iπM12 = −M01, it follows from the invariane of the spetrum under
unitary transformations [RS80℄ that the Hamiltonian in the GNS Hilbert spae Hω
implementingM01 annot be a positive operator  the same holds, thus, for all wedges.
Buhholz, Florig and Summers [BFS00℄ have shown that all ω satisfying (4.6)
(4.7) presents the Unruh eet, i.e., they are KMS states at β = 1
kT
= 2π
κ
= 2π, where
κ = 1 is the surfae gravity at ∂±Wp,q (Theorem 2.6, page 51). Moreover, we obtain
that the realization of A in AdSd is ω-weakly loally ausal with respet to W (AdSd):
given A ∈ A(Wp,q) and B ∈ A(Wp′,q′), Wp′,q′ ⊂ W ′p,q, we have ω(AB) = ω(BA), even if
we don't demand loal ausality from A in any way.
We'll now establish a sense in whih onditions (4.6)(4.7) orrespond to a hoie of
boundary onditions at onformal innity. If a state ω over A(Wp,q) is passive (4.6) and
weakly ergodi in mean (4.7) with respet to the group of *-automorphisms Auλp,q, then
the yli vetor Ω in the GNS Hilbert spae Hω assoiated to ω is separating with
respet to πω(A(Wp,q))′′, due to the KMS ondition, and Auλp,q extends to a group of
*-automorphisms of πω(A(Wp,q))′′ whih oinides with the Tomita-Takesaki modu-
lar group σ
(2π)−1λ
ω (see Appendix B, in partiular Lemma B.18, page 140, and Theorem
B.19, page 141). Sine we've assume passivity and weak ergodiity in mean from an el-
ementary state ω over AAdSd with respet to all C*-dynamial systems (A(Wp,q),Au
λ
p,q),
p≪ q ∈ I , it follows that suh an ω satises:
• TheReeh-Shlieder property with respet to the olletion of wedges W (AdSd),
i.e., ω is yli and separating with respet to the von Neumann subalgebras
πω(A(Wp,q))′′,6 and
• The ation of Auλp,q on πω(A(Wp,q))′′ is given preisely by the Tomita-Takesaki
modular group σ
(2π)−1λ
ω↾piω (A(Wp,q))′′
.
∆p,q is just the modular operator whih implements Au
λ
p,q, i.e., πω(Au
2πλ
p,q (A)) =
∆−iλp,q πω(A)∆
iλ
p,q for allA ∈ A(Wp,q). Let us onsider now the inlusion of von Neumann
6
This property is known by speialists in Conformal Field Theory as the state-operator orre-
spondene.
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algebras πω(A(Wr,q))
′′ ⊂ πω(A(Wp,q))′′, where p ≪I r ≪I q and, hene, Wr,q ⊂ Wp,q
and ∂+Wr,q ⊂ ∂+Wp,q. The inlusion of the respetive underlying C*-algebras satises
the following properties, due to the regularity and the loal ovariane of A:
1. ∪λ∈RAuλp,q(A(Wr,q)) is C*-dense in A(Wp,q);
2. Auλp,q(A(Wr,q)) ⊂ A(Wr,q) for all λ ≥ 0.
It follows from 1.) and 2.) that the inlusion πω(A(Wr,q))′′ ⊂ πω(A(Wp,q))′′ satises
the onditions proposed in the work of Borhers and Yngvason [BY99℄. The main
results of this work, rephrased within our present ontext, are:
Theorem 4.1 ([BY99℄, Theorem 2.1) DeneM
.
= πω(A(Wp,q))′′, N
.
= πω(A(Wr,q))′′,
∆iλp,q
.
= T (−2πλ) and N(λ) = AdT (λ)N .= T (λ)NT (−λ). In this ase,
(i) Ad∆iur,qN(λ) = N(ϕ(u, λ)), where
ϕ(u, λ) = log(1 + e−2πu(eλ − 1))
for all (u, λ) ∈ R2 for whih the right hand side is dened. In partiular, Ad∆iur,qM
⊂M for all u ≥ 0, and N = ∩u≥0Ad∆iur,qM.
(ii) The operator G
.
= log∆p,q− log∆r,q is nonnegative and essentially self-adjoint in
a ore ommon to log∆p,q and log∆r,q.
7
The one-parameter unitary group Γ(τ)
.
=
e(2π)
−1iτG¯
satises T (λ)Γ(τ)T (λ) = Γ(eλτ) and AdΓ(τ)N(λ) = N(ψ(τ, λ)), where
ψ(τ, λ) = λ+ log(1 + τe−λ)
for all (τ, λ) ∈ R2 for whih the right hand side is dened. In partiular, AdΓ(τ)M
⊂M and AdΓ(τ)N ⊂ N for all τ ≥ 0, and N = AdΓ(1)M. 
Summing up, Theorem 4.1 not only gives a preise shape to the ommutation rela-
tions between ∆iλp,q and ∆
iu
r,q, but also provides a geometrial realization for the ation
of u 7→ Ad∆iur,q from that of λ 7→ Ad∆iλp,q without our having to assume the existene
of the former. The next two Theorems show that the ations of these unitary groups
beome essentially indistinguishable if we are geometrially suiently far from ∂−Wr,q:
Theorem 4.2 ([BY99℄, Theorem 2.2) Employing the notation of Theorem 4.1, if
A ∈ N(λ) and B ∈ N′, we have
|〈BΩ,∆iur,qAΩ〉 − 〈BΩ, T (−2πu)AΩ〉| ≤ 2max{‖AΩ‖‖BΩ‖, ‖A∗Ω‖‖B∗Ω‖}.
7
A ommon ore here is a linear subset D dense in Hω suh that D ⊂ D(log∆p,q) ∩ D(log∆r,q)
and suh that log∆p,q↾D = log∆p,q and log∆r,q↾D = log∆r,q, where D(log∆p,q), D(log∆r,q) ⊂ Hω
are respetively the domains of the operators log∆p,q and log∆r,q.
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.min
{ |2e2πu − 1|
eλ − 1 , 1
}
for all λ > 0, u ∈ R. 
Theorem 4.3 ([BY99℄, Theorem 2.3) Employing the notation of Theorem 4.1, we
have:
(i)
lim
λ→+∞
‖∆iur,q(AdT (λ)A)Ψ− T (−2πu)(AdT (λ)A)Ψ‖ = 0
for all A ∈ M and Ψ ∈ Hω, with uniform onvergene in u ∈ (−∞, u0] for all
u0 < +∞;
(ii)
lim
λ→+∞
‖∆iur,qAdT (λ)A− T (−2πu)AdT (λ)A‖ = 0
for all A in a strongly dense subalgebra of M, with uniform onvergene in u ∈
(−∞, u0] for all u0 < +∞. 
Summing up, denoting Dp,q = I−(q,M in(p) ∼= R1,d−2), it follows that suh groups
are essentially indistinguishable from dilations by a fator e−2πλ around q for λ→ +∞.
Taking into aount the ation of the dilation subgroup of R1,d−2 in AdSd, we ob-
tain that the modular groups assoiated to ω and the wedges of AdSd asymptotially
implement saling transformations around points of I , in the preise sense given by
Theorems 4.2 and 4.3  all the above onsiderations remain valid if we invert the time
orientation, i.e., exhanging the roles of p and q.
More in general, inspired in the formalism proposed in [BV95℄, we write the following
Definition 4.4 Let p ≪ q ∈ M in(r) for some r ∈ I , where it's assumed that
M in(r) is endowed with the vetor spae operations of R1,d−2. The future saling
algebra A+(Wp,q) (resp. past saling algebra A
−(Wp,q)) in Wp,q onsists in the uni-
formly norm-limited funtions (0, 1] ∋ θ 7→ A±(θ) .= A±θ ∈ A(Wp,q) satisfying A+1 .=
A+ ∈ A(Wr,s) ⇒ A+θ ∈ A(Wθr+(1−θ)q,θs+(1−θ)q) (resp. A−1 .= A− ∈ A(Wr,s) ⇒ A−θ ∈
A(Wθr+(1−θ)p,θs+(1−θ)p)), for all p ≤I r ≪I s ≤I q, θ ∈ (0, 1]. The algebrai operations
are dened pointwise, and the C*-norm is given by ‖A±‖ .= sup0<θ≤1 ‖A±θ ‖.
Remark 4.5 We an say that the onept of saling algebras denes an abstrat version
of the renormalization group in Loal Quantum Physis. A dierent, ruder denition
of saling algebras assoiated to wedges in AdSd was proposed by the author in [Rib04℄.
76
Loally ovariant quantum theories in AdS
Notie that the denition above preserves isotony and loal ausality of the loal
subalgebras of A(Wp,q).
Given a state ω in A(Wp,q), we an perform its lift ω
±
θ to A
±(Wp,q) at sale θ ∈ (0, 1]
by dening ω+θ (A
+)
.
= ω(A+θ ) and ω
−
θ (A
−)
.
= ω(A−θ ). Obviously, ω
+
θ denes a state in
A±(Wp,q).
Let's onsider s = q in Denition 4.4, i.e., we have the inlusion onsidered in
Theorems 4.1 to 4.3. In this ase, we have that θ 7→ A+θ .= Au
f−1r,+(θ)
p,q (A), where A ∈
A(Wr,q) and
fr,+(λ) =
dg¯(0)(u
λ
p,q(r), q)
dg¯(0)(r, q)
, fr,−(λ) =
dg¯(0)(p, u
−λ
p,q (r))
dg¯(0)(p, r)
are bijetive, C∞ and stritly dereasing funtions from [0,+∞) ∋ λ to (0, 1] ∋ θ,
denes an element of A+(Wr,q) and, thus, of A+(Wp,q). Conversely, we an dene
a family of *-automorphisms δµ,+p,q of A
+(Wp,q) implementing saling transformations
around q by a fator µ ∈ (0, 1] through formula (δµ,+p,q A+)(θ) .= A+µθ. Taking into
aount the ommutation relation
(4.9) θuλp,q(r) + (1− θ)q = uθλθp+(1−θ)q,q(θr + (1− θ)q),
we an indue an ation of Auλp,q on A
+(Wp,q) through formula
(4.10) A+uλp,q(A
+)(θ)
.
= Auθλθp+(1−θ)q,q(A
+
θ ).
Analogous onsiderations hold for past saling algebras by hanging notation a-
ordingly, if we invert the time orientation, exhange the roles of r and s and substitute
fs,− for fr,+. We assume that the ation (4.10) and its past ounterpart are strongly
ontinuous respetively in A+(Wp,q) and A−(Wp,q).
The raison d'être of the redundant desription of the realization of A in AdSd
provided by the past and future saling algebras omes from the fat that we an use
it to dene saling limits: let us notie that the net of lifted states {ω+θ : θ ∈ (0, 1]}
indued by ω has always pointwise onvergent subnets (i.e., in the *-weak topology
of the dual of A+(Wp,q)) to states ω
+
0,ι over A
+(Wp,q) (I ∋ ι is some index set), by
the Banah-Alaoglu theorem [RS80℄. The GNS representation π+0,ι assoiated to
eah ω+0,ι of the elements of A
+(Wp,q) thus have the interpretation of (weak) saling
limits of the loal proedures. However, there remains the question of uniqueness
of the representations π+0,ι up to net isomorphisms, i.e., up to the existene or not
of *-isomorphisms φι,ι′ from π
+
0,ι(A
+(Wp,q)) to π
+
0,ι′(A
+(Wp,q)) that preserve the loal
struture  φι,ι′(π
+
0,ι(A
+(Wr,s))) = π
+
0,ι′(A
+(Wr,s)) for all p ≤I r ≪I s ≤I q, ι, ι′ ∈ I.
Suh a question is partially laried by the following
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Proposition 4.4 Suppose that ω is a state in AAdSd , passive and weakly ergodi in
mean with respet to the C*-dynamial systems (A(Wp,q),Auλp,q), for all pairs (p, q) ∈
D(I ). Then,
(i) The limit state ω+0,ι is β-KMS with β = 2π with respet to the C*-dynamial
system (π+0,ι(A
+(Wp,q)),A
+
0,ιu
λ
p,q), where A
+
0,ιu
λ
p,q(π
+
0,ι(A))
.
= π+0,ι(A
+uλp,q(A)).
(ii) The saling limits π+0,ι(A
+(Wr,s)) and π
+
0,ι(A
+(uλp,q(Wr,s))) are unitarily equivalent,
for all p ≤I r ≪I s ≤I q.
(iii) If ω is primary, i.e. πω(AAdSd)
′′
is a fator (see Appendix B, page 130), it then
satises the following property of holographi loal deniteness: given r ∈ I , we
have that ⋂
(p,q)∈D(I ),
Wp,q∋r
πω(A(Wp,q))
′′ = C1.
It follows from this property that the sets of saling limits {(ω′)+0,ι′ : ι′ ∈ I ′} of
all states ω′ in the loal folium of ω with respet to the olletion of wedges (i.e.,
ω′↾A(Wp,q) denes a normal state over πω(A(Wp,q))
′′
for all (p, q) ∈ D(I )) oinide
with {ω+0,ι : ι ∈ I}. As a onsequene of this and of (i), eah von Neumann
algebra πω(A(Wp,q))′′, if innite (whih is generally the ase in Quantum Field
Theory), is type III (see Appendix B, Denition B.5, page 133).
(iv) Suppose that the linear map from πω(A(Wp,q)) to Hω given by
πω(A) 7→ Ep,q(K)πω(A)Ω,
where Ep,q is the Borel measure with values in the projetions of Hω whih
denes the spetral resolution of the operator log∆p,q and K is a ompat set in
R = σ(log∆p,q), is a ompat map, i.e., it takes bounded subsets of the domain
to relatively ompat subsets of the image, for all (p, q) ∈ D(I ).8 Then the
maps φι : π
+
0,ι(A
+) 7→ w − limκ πω(Au−f
−1
p,+(θκ)
p,q (A
+
θκ
)), where {ω+θκ}κ is a subnet
*-weakly onverging to ω+0,ι, dene net isomorphisms to the GNS representation
of the original net assoiated to ω. In partiular, by virtue of (i), the saling
limits are all unitarily equivalent, and the modular group of any saling limit ats
asymptotially as the modular group assoiated to ω+1 as λ→ +∞.
8
As ompat linear maps are haraterized for being able to be approximated in norm by nite-
rank linear maps with arbitrary preision, suh a ondition tells us that the spetral density of loal
exitations of the referene state doesn't grow too fast with the energy. Suh a ondition on the phase
spae behaviour of quantum eld theories was proposed by Haag and Swiea for the (Hamiltonian)
generator of time translations in Minkowski spaetime. IT would be interesting to know is the om-
patness ondition we've given an be dedued, in the same way that the Haag-Swiea ompatness
ondition, from other strutural onditions whih have been explored in the literature of Algebrai
QFT, suh as modular nulearity [Haa96℄.
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Proof (sketh).
(i) It follows from Theorem 5.3.30 in [BR97℄ that the *-weak limit of a net of
β-KMS states is β-KMS.
(ii) It follows immediately from the ontinuity hypothesis on A+uλp,q the exis-
tene of a *-isomorphism, whih is unitarily implemented due to the exis-
tene of yli and separating vetor for both algebras (see Theorem 2.5.32
in [BR87℄ for a proof of the latter fat).
(iii) The rst assertion is obtained by employing Rehren duality: By virtue
of (i) and (ii), the onformal group of M in(r) ∼= R1,d−2 for all r ∈ I is
unitarily implemented in Hω by the Tomita-Takesaki modular groups
assoiated to A ◦ ρ−1AdSd(Dp,q) = A(Wp,q), and ω is a onformally invariant
state of the Rehren-dual theory A ◦ ρ−1AdSd . By virtue of the resulting
ommutation relations between the dierent modular groups, it follows from
Proposition 2.3 in [BS93℄ that the generators Pµ of translations in M in(r)
satisfy the spetral ondition, i.e., σ(P ) ⊂ J+(0,R1,d−2)  summing up,
ω is a vauum. As ω is primary, it then follows from Theorem 4.6 in
[Ara99℄ that ω is pure and every translationally invariant element of Hω is
proportional to Ω. Let now Z ∈ ⋂ (p,q)∈D(I ),
Wp,q∋r
πω(A(Wp,q))
′′ .= N(r). In this
ase, Z∗ ∈ N(r) and, if R1,d−2 ∋ xαx is the group of *-automorphisms whih
implements translations in M in(s) ∋ 0 = x(r), where x is a Cartesian
hart in M in(s), then [Z∗, αx(Z)] = 0 for all spaelike x and, by weak
ontinuity of αx, also for x = 0 and x lightlike. Consider the bounded
funtion R ∋ t 7→ 〈Ω, Z∗αte(Z)Ω〉, where e is a lightlike vetor in R1,d−2.
The Fourier transform of this funtion has, due to the spetral ondition,
support in R¯+. Due to the lightlike ommutativity established above, suh
a funtion oinides with the funtion R ∋ t 7→ 〈Ω, αte(Z)Z∗Ω〉, whose
Fourier transform has support in R¯−. It thus follows that the Fourier
transform of the former is supported in {0} and, sine it's bounded, it's
neessarily onstant. Therefore, if x 7→ U(x) is the unitary implementation
of translations in Hω, it follows that U(te)ZΩ = ZΩ for all t ∈ R and e
lightlike, hene U(x)ZΩ = ZΩ for all x. By the uniqueness of Ω, we thus
have ZΩ = 〈Ω, ZΩ〉Ω. As Ω is separating for πω(A(Wp,q))′′ for all (p, q) ∈
D(I ), we have Z = 〈Ω, ZΩ〉1, as laimed. The seond assertion follows from
the fat that, by virtue of holographi loal deniteness, limθց0 ‖(ω − ω′)↾
A(Wθp+(1−θ)q,q)‖ = 0 (this an be proven in a manner analogous to the seond
part of the proof of Lemma 4.1 in [BV95℄, whose rst part is essentially the
proof of the rst assertion of (iii) above). The third assertion follows from
Driessler's riterion (Theorem B.17, page 137), whih, in a ertain way,
was speially devised for our situation.
(iv) One proves it in a way analogous to Proposition 5.1 in [BV95℄. The last
assertion then follows from Theorems 4.2 and 4.3.
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Remark 4.6 The analog of Proposition 4.4 for past saling algebras holds, if we invert
the time orientation and substitute fq,− for fp,+ in item (iv). Moreover, there is a
unitary equivalene between past and future saling limits by virtue of item (ii) of this
Proposition.
Remark 4.7 The unitary implementability of onformal transformations in the GNS
Hilbert spae of a onformally invariant vauum by the Tomita-Takesaki modu-
lar groups was previously demonstrated by Brunetti, Guido and Longo [BGL93℄.
Thus, our line of reasoning an be seen as an holographi version of this result. More-
over, it follows from Theorem 2.3 (i) in [BGL93℄ that the *-representation πω satises
Haag duality in I and essential Haag duality in M in(r) for all r ∈ I (for the def-
inition and an explanation of the usefulness and meaning of (essential) Haag duality
within our ontext, see Subsetion 4.4.1, page 86). We an make use of the fat that es-
sential Haag duality holds for the saling limits and rene the onlusion of item (iii),
proving that πω(A(Wp,q))
′′
is a type-III1 fator if we employ a dierent riterion for
the struture of this algebra [BV95℄. We haven't proven this stronger result beause we
don't need this more rened information in what follows, and Driessler's riterion,
besides being simpler, has quite a natural interpretation within our ontext.
The equivalene in item (iv) of Proposition 4.4 shows that, indeed, (4.6) and (4.7) at
eetively as a ondition on saling limits around points in I , thus revealing the rela-
tion between this set of hypotheses and the formulation of Bertola et al. [BBMS00℄,
based in k-point Wightman funtions in AdSd. The boundary onditions employed
in this work, similar to the ones proposed by Witten [Wit98℄ for the AdS/CFT or-
respondene, are given preisely by a saling limit of the k-point funtions around I .
The important item (iii) shows that the saling limit is, indeed, a ondition on the
loal folium of ω and, hene, on the *-ideals Annω↾A(Wp,q). Suh a onditions is loally
ovariant by virtue of (ii) and the First *-Isomorphism Theorem (Theorem B.2, page
123), thus dening a loally ovariant boundary ondition in the sense of Setion 4.1.
There is, though, a very important point to be stressed: in the work of Bertola et
al., the saling limit denes the dual quantum theory at the boundary, or, equivalently,
the boundary quantum theory orresponds in this ase to the universality lass of
the bulk quantum theory under the renormalization group ow indued by saling
transformations around points in I ), whih doesn't happen to Rehren duality, whih
onsists in transplanting the set that indexes the preosheaf whih realizes the loally
ovariant quantum theory A in AdSd by means of the Rehren bijetion. A strutural
property whih illustrates rather well this dierene is the Borhers's timelike tube
property: if A is additive, and there exists a olletion of regions Oi ⊂ M overing
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an open, arbitrarily small neighbourhood of a timelike urve segment with endpoints
r ≪ s ∈ M suh that I+(r) ∩ I−(s) is simply onneted, then∨
i
A(Oi) = A(I
+(r) ∩ I−(s)).
That is, the germ of loal algebras around a timelike urve segment and, in partiular,
of a timelike submanifold is *-isomorphi to the loal algebra assoiated to its ausal
ompletion (a proof of this fat for quantum elds in real analyti spaetimes an be
found in [Str00℄). Suh a result shows that Rehren duality (Denition 4.3, page 73)
really onerns the germs of algebras around I (whose denition demands, indeed,
the imposition of some sort of boundary ondition as the one elaborated above
9
), thus
being riher than a mere saling limit. Suh a dierene also manifests itself in the
properties of the loal algebras of the dual quantum theory at the boundary in both
approahes, as disussed by Dütsh and Rehren [DR03, Reh05℄.
Item (iii) of Proposition 4.4 and Theorems 4.2 and 4.3 may, on the other hand,
be understood as properties of return to equilibrium, if we imagine the isometries uλp,q
in AdSd as Cauhy evolutions with boundary onditions at I , in the light of the
results of Chapter 2. Hene, we have a strit (we ould say holographi) relation
between saling limits around points in I and thermalization of the elementary
states ω through the dynamis generated by Auλp,q. In the ase of AdSd, this return is
trivial, for we've seen that ω is a KMS state with respet to this dynamis and, at the
same time, ω is a state over the Rehren-dual theory whih is invariant under saling
transformations. In the next Setion, we'll make use of this more general viewpoint and
onsider elementary states whih, by virtue of nontrivial gravitational eets, return,
aordingly, nontrivially to equilibrium and, equivalently, present only asymptoti
saling invariane around I .
4.3 Algebrai holography in AAdS spaetimes
We've nally arrived at the moment of dening the quantum theories of interest to
us in AAdS spaetimes (M , g) satisfying the hypotheses of Theorem 1.3, whih guaran-
tees that I+(p,M )∩I−(q,M )∩I = I+(p,I )∩I−(q,I ) .= Dp,q for all (p, q) ∈ D(I ).
The most deliate part onerns the implementation of the asymptoti isometries as-
soiated to wedges onstruted in Chapter 2 (pages 4650). However, before that, let
9
Atually, we've ommitted a slight abuse in our denition of Borhers's timelike tube property.
The orret formulation (whih we won't use) involves the loal von Neumann algebras and weak
topology losures, assoiated to a GNS representation generated by a state ω. Hene, the denition
also involves properties of ω, or, more preisely, of its loal folium.
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us write:
Definition 4.8 The quantum theory Rehren-dual to the realization of A in (M , g)
is the preosheaf Dp,q 7→ A(Dp,q) .= A(ρ−1(M ,g)(Dp,q)) = A(Wp,q) of C*-algebras, indexed
by the olletion of diamonds in I . Here, ρ(M ,g) is the Rehren bijetion (1.32),
introdued in page 15.
Let us now onsider a wedge Wp,q with geodesially onvex losure. We'll dene, for
λ ∈ R, ǫ > 0 xed, the regions
(4.11) W +p,q(λ)
.
= (λg¯p,q)
−1((λ− ǫ,+∞)) ∩M , W −p,q(λ) .= (λg¯p,q)−1((−∞, ǫ− λ)) ∩M ,
and, orrespondingly in I ,
(4.12) D+p,q(λ)
.
= (λg¯p,q)
−1((λ− ǫ,+∞)) ∩I , D−p,q(λ) .= (λg¯p,q)−1((−∞, ǫ− λ)) ∩I .
Let A be a regular, extended loally ovariant quantum theory, satisfying the fol-
lowing hypotheses:
(a) The realization of A in (M , g) is loally ausal with respet to the olletion of
wedges W (M , g);
(b) A is weakly primitively ausal with respet to the wedges of (M , g) (thus guar-
anteeing the possibility of imposing a time evolution subjet to boundary ondi-
tions);
() There exists a state spaeS suh thatS(M , g) possesses a primary representative
ω satisfying the property of holographi loal deniteness (dened in item (iii)
of Proposition 4.4, page 78) and suh that its loal folium with respet to the
ausally onvex subregions of wedges is ontained in S(M , g).
In what follows, we've unluttered the notation by omitting the symbols of re-
strition of the metri g to subregions and those of quotients modulo nontrivial *-
ideals whih annihilate the propagators (boundary *-ideals), having always in mind
the *-Isomorphism Theorems. It follows from (b) that A(W ±p,q(λ), g) is *-isomorphi to
A(Wp,q) for all γ, (p, q) ∈ D(I ), modulo boundary *-ideals. Moreover, we an dene
the germ A(∂±Wp,q) of A(Wp,q) at the past and future horizons ∂±Wp,q by the projetive
limits (modulo boundary *-ideals)
(4.13) A(∂±Wp,q)
.
= lim
←−−−−−−−
λր+∞,A
A(W ±p,q(λ), g),
realling that the equivalene relation whih denes the limit is given by the identi-
ation (modulo boundary *-ideals) A ∈ A(W ±p,q(λ), g) ∼ (AiW ±p,q(λ),W ±p,q(λ′))−1(A), for all
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λ′ ≥ λ, similarly to the ase of germs of loal algebras at Cauhy surfaes, dened in
Chapter 3 (see formula (3.6), page 61).
With the above denitions, if r ∈ (λg¯p,q)−1(λ0) ∩ I and r ≪I s ≤I q, obviously
Wr,s ⊂ W +p,q(λ0) and, hene, Wuλp,q(r),uλp,q(s) ⊂ W +p,q(λ0 + λ) for all λ ≥ 0.
Definition 4.9 Let p ≪ q ∈ M in(r) for some r ∈ I , where it's assumed that
M in(r) is is endowed with the vetor spae operations of R1,d−2. The future saling
algebra A+(Wp,q) (resp. past saling algebra A−(Wp,q)) in Wp,q onsists of the uniformly
norm-bounded ontinuous funtions (0, 1] ∋ θ 7→ A+(θ) .= A+θ ∈ A(W +p,q(f−1p,+(θ)), g)
(resp. (0, 1] ∋ θ 7→ A−(θ) .= A−θ ∈ A(W −p,q(f−1q,−(θ)), g)) satisfying A+1 .= A+ ∈ A(Wr,s),
r ∈ W +p,q(λ0) for some λ0 implies A+θ ∈ A(W +p,q(λ0 + f−1r,+(θ)), g) (resp. A−1 .= A− ∈
A(Wr,s), s ∈ W −p,q(λ0) for some λ0 implies A−θ ∈ A(W −p,q(λ0 + f−1s,−(θ)), g)), for all p ≤I
r ≪I s ≤I q, θ ∈ (0, 1], where fr,+ and fs,− are dened in page 77. The algebrai
operations are dened pointwise, and the C*-norm is given by ‖A±‖ .= sup0<θ≤1 ‖A±θ ‖.
The more general denition given above opes with the loss of spatial loalization
aused by the ation of the propagators
(4.14) α±λ,λ′
.
= (AiW ±p,q(λ′),Wp,q)
−1 ◦ AiW ±p,q(λ),Wp,q ,
whih then an be used to build elements of A±(Wp,q) (modulo boundary *-ideals) in
the same way we've employed Auλp,q in the ase of AdSd. We suppose, aordingly, that
the propagators (4.14) are strongly ontinuous in the norm of the saling algebras.
We stress now a very important point: the images of the elements of the saling
algebras belong to the intrinsi algebras, and not to their images in A(Wp,q), whih
identify elements whih dier by an element of a boundary *-ideal. This eliminates
an apparent ontradition between the germs of loal algebras at the past and future
horizons and the priniple of holographi loal deniteness. The maps
(4.15) A+θ 7→ I+p,q(A+)(θ) .= AiW +p,q(f−1p,+(θ)),Wp,q(A
+
θ )
and
(4.16) A−θ 7→ I−p,q(A−)(θ) .= AiW −p,q(f−1q,−(θ)),Wp,q (A
−
θ )
dene *-morphisms from the saling algebras to the uniformly bounded ontinuous
funtions (0, 1] ∋ θ in A(Wp,q) and preserve the time loalization. Dening the lift ω±θ
of our referene state ω to I±p,q(A
±(Wp,q)) at sale θ in the same manner as in the AdS
ase, we an nally impose our boundary onditions:
83
4. Holographi Priniple in AAdS
(d)
AnnS(W ±p,q(λ), g)
.
=
⋂
ω′∈S(W ±p,q(λ),g)
Annω′ ⊃ KerAiW ±p,q(λ),Wp,q
for all λ ∈ R, and the saling limits ω±0,ι dene GNS representations linked by
net *-isomorphisms with respet to the olletion of wedges in (M , g), and *-
isomorphi to the *-representation of A(∂±Wp,q) indued by the quotient modulo
AnnS(∂±W ±p,q) (this state spae is dened by employing the ontravariane of S
and the universality of projetive limits). The *-automorphi ation (0, 1] ∋ µ 7→
δµ,±p,q of saling transformations on π0,ι(I
±
p,q(A
±(Wp,q))) is unitarily implemented by
the formula
(4.17) π0,ι(δ
exp(±κ±λ),±
p,q (I
±
p,q(A
±))) = Ad∆
i
2pi
λ
p,q π0,ι(I
±
p,q(A
±)),
where ∆p,q is the Tomita-Takesaki modular operator assoiated to ω0,ι (whih
is, hene, essentially unique for all ι), and κ± = ∓1 is the asymptoti past/future
surfae gravity of Wp,q, obtained in Theorem 2.6 (page 51).
Condition (d), albeit rather ompliated, is naturally motivated by Proposition 4.4
and Theorem 2.6 in the ase of AdSd. Together with (), it's not only ommon to
all states in the loal folium of ω but also implies that the von Neumann algebras
πω(A(Wp,q))′′ are type III, analogously to item (iii) of Proposition 4.4. The assumed
ontinuity of the propagators, together with loal ovariane, guarantees that the sal-
ing limits of dierent wedges all live in the same Hilbert spae, as in item (ii). The
geometrial harater at I of the ation of the modular groups, on its turn, follows from
Theorem 4.1. By virtue of the asymptoti value we've found for the surfae gravities of
wedges and the ommutation relations between the dierent modular groups, resulting
from Theorem 4.1, we have that the modular groups at geometrially exatly as on-
formal transformations in I , and the saling limit ω0,ι denes a onformally invariant
vauum [BS93℄ over the preosheaf Dp,q 7→ π0,ι((I±p,q(A± ◦ ρ−1(M ,g))(Dp,q))′′. Summing up,
the saling limit we've dened loses all geometrial information about (M , g), and ould
be taken as a quantum theory Rehren-dual to a quantum theory in AdSd. Moreover,
the implementation of asymptoti isometries only ours in the saling limit. We notie
here the strong kinship of the onstrution above to the lightfront holography proposed
by Shroer [Sh06, Sh05℄.
We've emphasized a dynamial denition as Denition 4.9 for the saling algebras
in AAdS wedges, instead of the simpler Denition 4.4 given in the ase of AdSd (whih,
in priniple, also applies here) due to several reasons. First, the boundary ondition (d)
ast after Denition 4.9 emphasizes the harater of return to equilibrium dual to the
saling limit, and extends to more general ontexts (i.e., relatively ompat diamonds in
ausally simple spaetimes), suh as the onstrution of global time funtions in Chapter
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2. Seond, it opens up the possibility of dynamially probing deviations from thermal
equilibrium in the same way we probe deviations from ritial (i.e., sale invariant)
behaviour by means of, say, operator produt expansions [FH81, Wei96, Bos05, BOR02℄.
4.4 Holographi analysis of superseletion setors
The development whih onludes this Thesis onsists in showing how the geomet-
rial properties of nontrivial AAdS spaetimes (i.e., dierent from AdSd) within the
hypotheses employed throughout Chapter 1 modify in a radial way not only the im-
plementation of geometrial symmetries, but also of internal symmetries, enoded in
the struture of superseletion setors. In what follows, we'll make the following set
of hypotheses about the spaetimes and the loally ovariant quantum theories of our
interest:
(i) (M , g) is an AAdS spaetime satisfying the hypotheses of Proposition 1.8;
(ii) A is an extended loally ovariant quantum theory, whose realization in (M , g)
satises loal ausality w.r.. W (M );
(iii) We have at our disposal a state spae S0, alled referene state spae, suh that
any ω, ω′ ∈ S0(Wp,q) satisfy ondition (3.8) (page 64) for all (p, q) ∈ D(I ).
In partiular, as we've seen, the von Neumann algebras πω(A(Wp,q))′′, ω ∈
S0(Wp,q), are all *-isomorphi.
(iv) S0(Wp,q) has a representative ω0, (also) alled referene state, whih satises:
• The Reeh-Shlieder property, i.e., the yli vetor Ω0 in the GNS Hil-
bert spae H0
.
= Hω0 assoiated to ω0 is separating for π0(A(Wp,q))
′′
, where
π0
.
= πω0 is the GNS *-representation assoiated to ω0;
• The property of holographi loal deniteness;
• The property (III), i.e., π0(A(Wp,q))′′ is type III for all (p, q) ∈ D(I ) (see
Appendix B, Denition B.5, page 133).
Additional onditions will be inluded from time to time alongside the following
developments. Notie that the states ω0 satisfying the boundary onditions ()(d)
imposed in the previous Setion satisfy the properties listed by hypothesis (iv).
Remark 4.10 Hypotheses (iii) and (iv) on the referene state spae S0 are similar to
the ones adopted by Brunetti and Ruzzi [BR07℄ in their loally ovariant formulation
for the algebrai theory of superseletion setors. We shan't adopt, though, the full-
edged approah of this work for simpliity, sine we'll assess only basi elements of
this theory in what follows.
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4.4.1 A digression. Haag duality and elements of the
algebrai theory of superseletion setors
The fat that the olletion W (AdSd) of wedges in AdSd is losed under the op-
eration of taking the ausal omplement (more preisely, formulae (1.29) are valid)
guarantees that not only loal ausality is preserved by the Rehren bijetion, but also
the possible maximality of the loal algebras with respet to this property. We'll see in
the next Subsetion that, due to the geometry of the wedges in nontrivial AAdS spae-
times, this maximality aquires ontours of a no-go theorem about the nontriviality
of the loal algebras in the bulk of suh spaetimes, with impliations on the struture
of superseletion setors. However, before that, we shall formulate in a preise manner
this maximality hypothesis, and illustrate its role in the determination of this struture.
Definition 4.11 Let A be an extended loally ovariant quantum theory, (M , g) ∈
ObjS tcd, π a *-representation of AM in the Hilbert spae H , and Q(M , g) a ol-
letion of ausally omplete open sets of (M , g). We say that the realization of A in
(M , g) is π-Haag-dual with respet to Q(M , g) if the von Neumann algebras as-
soiated to π and loalized at elements of Q(M , g) are maximally loally ausal, i.e.,
π(A(O))′′ = π(A(O ′))′, where π(A(O))′ denotes the ommutant of π(A(O)) in H (see
in Appendix B the disussion immediately preeding Denition B.4, page 130)  reall
that loal ausality of A only implies π(A(O ′))′′ ⊂ π(A(O))′. More in general, we say
that the realization of A in (M , g) is essentially π-Haag-dual with respet to Q(M , g)
if the Haag-dual extension Q(M , g) ∋ O 7→ π(A(O))d .= π(A(O ′))′ of the realization
of A in (M , g) in the representation π is loally ausal, i.e., π(A(O1))d ⊂ (π(A(O2))d)′
for all pairs O1,O2 ∈ Q(M , g) suh that O1 ⊥ O2. A *-representation π of AM is
said to be (resp. essentially) Haag-dual if the realization of A in (M , g) is (resp.
essentially) π-Haag-dual.
Remark 4.12 There is a subtlety in the denition of essential Haag duality: it's
immediate to see that, if Q(M , g) is losed under ausal omplements, i.e., O ∈
Q(M , g) ⇔ O ′ ∈ Q(M , g), then Haag duality and essential Haag duality with
respet to Q(M , g) oinide. Hene, the interesting eets that arise when the realiza-
tion of A in (M , g) is only essentially π-Haag-dual with respet to Q(M , g) appear
only when the latter is not losed under ausal omplements. The typial example is
(M , g) = R1,d−1 and Q(R1,d−1) = {I+(p) ∩ I+(q) : p≪ q ∈ R1,d−1}.
The breakdown of Haag duality implies, for instane, the spontaneous breaking
of internal symmetries in the representation indued by a vauum in theories of loal
observables in Minkowski spaetime [Haa96℄. The reason, in intuitive terms, is the
following: the presene of internal symmetries, manifest in the struture of the partile
multiplets whih appear in sattering proesses, is enoded in the loal algebras by
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means of intertwiners
10
between the unitary representations of the group of internal
symmetries. Haag duality guarantees that there are enough intertwiners to ompletely
reonstrut the representation theory of this group (= struture of superseletion se-
tors) and, hene, the group itself  this result, onsidered one of the great triumphs
of the algebrai approah to QFT, was demonstrated by Dopliher and Roberts
[Ara99, Haa96℄, and onstitutes an abstrat formulation of duality between ompat
groups and their irreduible representations (Tannaka-Kre

in theorem).
If only essential Haag duality holds, it's possible to reonstrut the part of internal
symmetries whih doesn't go under spontaneous breaking by repeating the proedure
of Dopliher and Roberts for the Haag-dual extension of the loal algebras, a-
ording to Denition 4.11. The proedure used to identify the spontaneously broken
part of the internal symmetries is, however, a bit more subtle [Haa96℄.
Let's now make more preise how the struture of superseletion setors is enoded
in the realization of A in (M , g), following the treatment in [Ara99℄ and [GLRV01℄, to
whih we refer for details. Let A, (M , g) and Q(M , g) as in Denition 4.11, and π0
a Haag-dual *-representation of AM in the Hilbert spae H0, whih we'll adopt as
referene. We say that a *-representation π of AM in a Hilbert spae H satises the
DHR riterion
11
with respet to Q(M , g) if, for all O ∈ Q(M , g), π↾A(O′) is unitarily
equivalent to π0↾A(O′). Let, then, V be a unitary operator from H to H0 suh that
V π(A)V ∗ = π0(A) for all A ∈ A(O ′). Dene the following *-morphism from π0(AM )
to B(H0):
(4.18) ρ(π0(A))
.
= V π(A)V ∗.
By onstrution, ρ◦π0 is unitarily equivalent to π. Assuming, for now, that Q(M , g)
is direted under the partial ordering indued by set inlusions, onsider O1,O2 ∈
Q(M , g) suh that O2 ⊃ O ,O1. Then,
(4.19) [ρ(π0(A)), ρ(π0(B))] = [ρ(π0(A)), π0(B)] = 0
for all A ∈ A(O1) and B ∈ A(O ′2) ⊂ A(O ′). Due to Haag duality, we have ρ(π0(A)) ∈
π0(A(O
′
2))
′ = π0(A(O2))
′′
. It follows from the denition of quasiloal algebra that
ρ ◦ π0(AM ) ⊂ ρ(π0(AM )′′) ⊂ π0(AM )′′.
10
Given a group G and two unitary representations G ∋ g 7→ U1(g), U2(g) of G respetively in
Hilbert spaes H1 and H2, a intertwiner between U1 and U2 is a bounded linear operator T : H1 →
H2 suh that TU1(g) = U2(g)T for all g ∈ G. In partiular, suh a denition applies, as it'll be often
used, to *-representations of *-algebras.
11
DHR stands for the names of Dopliher, Haag and Roberts.
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The argument above is a reurrent line of reasoning in the algebrai theory of super-
seletion setors. With it, we an dene the transport of loalized *-endomorphisms of
π0(AM )
′′
without the aid of the implementation of a translation group. More preisely,
we have the following fats:
• Given two *-endomorphisms ρ1, ρ2 loalized respetively in O1 and O2 and suh
that the representations ρ1 ◦ π0 and ρ2 ◦ π0 are unitarily equivalent, i.e., ρ1 ◦
π0(A) = Uρ2 ◦ π0(A)U∗, then U ∈ π0(A(O ′3))′, where O3 ⊃ O1,O2. That is,
*-endomorphisms loalized in O an be transported to any other element of
Q(M , g) by means of loal intertwiners.
• The omposition ρ1 ◦ ρ2 is learly loalized in O3 ⊃ O1,O2, where ρi is loalized
in Oi. Moreover, if O1 ⊥ O2, then ρ1 ◦ ρ2 = ρ2 ◦ ρ1.
A *-endomorphism ρ is said to be irreduible if the *-representation ρ◦π0 is. In this
ase, we say that the set of pure states in the folium of ρ ◦ π0 is the (superseletion)
setor assoiated to ρ.
Let us denote the Banah spae of (loal) intertwiners between loalized *-en-
domorphisms ρ and σ by (ρ, σ)
.
= {U : Uρ(A) = σ(A)U, ∀A}. Given T ∈ (ρ, σ),
T ′ ∈ (ρ′, σ′) we an dene the (tensor) produt T ⊗ T ′ .= Tρ(T ′) ∈ (ρ ◦ ρ′, σ ◦ σ′). We
an prove that, if T and T ′ are ausally disjoint, then T ⊗ T ′ = T ′⊗ T . It thus follows
that, if σ and σ′ are loalized in ausally disjoint regions, then (T ′ ⊗ T )∗ ◦ (T ⊗ T ′) .=
ǫ(ρ, ρ′) ∈ (ρ ◦ ρ′, ρ′ ◦ ρ) is independent of σ, σ′ or T, T ′. Generalizing to n loalized *-
endomorphisms ρi, i = 1, . . . , n, we obtain intertwiners ǫp(ρ1, . . . , ρn) for eah permuta-
tion p of {1, . . . , n}, in suh a way that ǫp′(ρ1, . . . , ρn)◦ǫp(ρ1, . . . , ρn) = ǫp′◦p(ρ1, . . . , ρn).
In this manner, if ρ1 = · · · = ρn = ρ the map Sn ∋ p 7→ ǫp(ρ, . . . , ρ) ∈ ρn(π0(AM ))′
onstitutes a unitary representation of the group Sn of permutations of n elements in
ρn◦π0. The operators ǫ are alled statistis operators, for they reet the spin-statistis
relation of the superseletion setors. It's preisely these operators, together with ad-
ditional strutures (onjugates, left inverses), who allow one to rebuild the group of
internal symmetries and the partile multiplets.
In the same way that the omposition of *-endomorphisms orresponds to the ten-
sor produt of representations, we an desribe subrepresentations and diret sums by
subobjets and diret sums of *-endomorphisms: we say that σ is a subobjet of ρ if
there exists an isometry W ∈ (σ, ρ) (i.e., W ∗W = 1 and, hene, WW ∗ is a projetion),
and τ is a diret sum of ρ and σ if there exist isometries V ∈ (ρ, τ), W ∈ (σ, τ) suh
that V V ∗ + WW ∗ = 1 and, hene, τ(.) = V ρ(.)V ∗ + Wσ(.)W ∗. To guarantee that
these *-endomorphisms remain loalized, we need to invoke the so-alled property B of
Borhers, valid, for instane, for type-III fators: given O1,O2 ∈ Q(M , g) suh that
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O1 ⊂ O2 and a projetion E ∈ π0(A(O1))′′, there exists an isometry W ∈ π0(A(O1))′′
suh that WW ∗ = E. In the ase of type-III fators, we an take O2 = O1.
When Q(M , g) is not direted, the *-morphism ρ dened in (4.18) is dened only
in the preosheaf Q(M , g) ∋ O ⊂ O1 7→ π0(A(O1))′′, and here satises A ∈ A(O1) ⇒
ρ(π0(A)) ∈ π0(A(O1))′′.
4.4.2 (Essential) Haag duality in (A)AdS spaetimes
Now, with the adequate language at hand, let us go bak to disussing the question
raised in the rst paragraph of the previous Subsetion. Let us onsider and AAdS
spaetime (M , g), an extended loally ovariant quantum theory A realized in (M , g)
and π0 a referene *-representation of AM , whih we assume irreduible for simpliity.
One more, D(AdSd) as well as W (AdSd) are losed under ausal omplements, due
to formulae (1.29) (page 13). Employing the Rehren bijetion (1.32) (page 15), it
automatially follows that the realization of A in AdSd is π0-Haag-dual with respet
to W (AdSd) if and only if the Rehren-dual realization A in ESUd−1 is with respet to
D(AdSd)  reall as well that, in both ases, Haag duality and essential Haag duality
oinide.
Let1s see now what happens if (M , g) is a nontrivial AAdS spaetime, satisfying
the hypotheses of Theorem 1.3, page 16. In this ase, W (M , g) is no longer losed
under ausal omplements, there thus being a fundamental dierene between Haag
duality and essential Haag duality. Nevertheless, still holds the following
Lemma 4.5 If π0 is (essentially) Haag-dual with respet to D(M , g), then it's Haag-
dual with respet to W (M , g) and π0(A(Wp,q¯))′′ = π0(A(W ′q,p¯))
′′ = π0(A(Wp¯,q)′)′ for all
pairs p, q ∈ I suh that (p, q¯) ∈ D(I ), where p¯ is the antipodal of p (see formulae
(1.27)(1.28) and the disussion preeding them in page 12).
Proof. Essential Haag duality with respet to D(M , g) is not only equiva-
lent to Haag duality (for the olletion of diamonds in I is losed under ausal
omplements), but also implies Haag duality for wedges, for π0(A(Dp,q¯))
′′ =
π0(A(Wp,q¯))
′′ ⊂ π0(A(W ′p,q¯))′ ⊂ π0(A(Wq,p¯))′ = π0(A(Dq,p¯))′ = π0(A(D ′p,q¯))′.
The last assertion follows from the identities π0(A(Wp,q¯))
′′ = π0(A(Dp,q¯))
′′ =
π0(A(D
′
q,p¯))
′′ = π0(A(Dq,p¯))
′ = π0(A(Wq,p¯))
′ = π0(A(W
′
q,p¯))
′′
. 
The last expression of Lemma 4.5 is trivial for AdSd, but possesses potentially dra-
mati onsequenes for nontrivial AAdS spaetimes, for, in this ase, π0(A(Wp,q¯))
′′ ∩
π0(A(Wp¯,q))′′ ⊃ π0(A(W ′p¯,q ∩W ′p,q¯))′′, and the region W ′p¯,q ∩W ′p,q¯ is a nonvoid open set if
(M , g) satises the hypotheses of Proposition 1.8 (page 20), stronger than those of The-
orem 1.3 (see Figure 1.4, page 22). Supposing that the preosheaf of von Neumann
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algebras K (M , g) ∋ O 7→ π0(A(O))′′ satises the property of extended loality
(4.20) π0(A(O1))
′′ ∩ π0(A(O1))′′ = C1, ∀O1,O2 ∈ K (M , g) : O1 ⊥ O2,
it then follows that π0(A(W ′p¯,q ∩ W ′p,q¯))′′ = C1 and, hene, π0(A(Or,s))′′ = C1 for any
r, s ∈ M suh that Op,q .= I+(r,M ) ∩ I−(s,M ) ⊂ W ′p¯,q ∩W ′p,q¯. As:
• Any suiently small diamond in (M , g) satises the above ondition for some
pair p, q ∈ I satisfying the onditions of Lemma 4.5, and
• InMinkowski spaetime R1,d−1, any theory of loal observables whih is additive,
translation ovariant and loally ausal in the GNS representation π0 assoiated
to a pure vauum state (i.e., the joint spetrum of the translation generators is
ontained in J+(0,R1,d−1) and the vauum vetor is an eigenvetor of the gener-
ators with zero eigenvalue) satises extended loality [Lan69℄,
we're led to the following `no-go' theorem:
Corollary 4.6 Let (M , g) be an AAdS spaetime satisfying the hypotheses of Propo-
sition 1.8, A an extended loally ovariant quantum theory realized in (M , g) and π0 an
irreduible *-representation of AM satisfying the hypotheses of Lemma 4.5. If π0 satis-
es extended loality (4.20), then any von Neumann algebra loalized in a suiently
small open set onsists only in multiples of 1. If the preosheaf of von Neumann
algebras K (M , g) ∋ O 7→ π0(A(O))′′ is moreover additive, then π0(AM )′′ = C1. 
Remark 4.13 There is, to the author's knowledge, no proof of the property of ex-
tended loality in urved spaetimes under hypotheses similar to the ones employed in
Minkowski spaetime (i.e., substituting, say, some version of the miroloal spetrum
ondition [BFK96℄ for the spetral ondition of the vauum). We onjeture, though,
that suh a demonstration is possible for real analyti AAdS spaetimes, along lines
analogous to the proof of the timelike tube property of Borhers (page 81 and foot-
note 9).
We onlude from Corollary 4.6 that essentialHaag duality with respet to D(M , g)
implies potentially a trivial quantum theory if ombined with bulk additivity, and even
a non additive bulk quantum theory may end up being trivial at suiently small sales
 in partiular, the proedure of holographi reonstrution of the realization of A in
(M , g) from the dual theory in the boundary, whose geometrial part was shematized
in Subsubsetion 1.3.1.3 (page 23), is useless in both ases!
12
The following hypothesis,
though, does lead to nontrivial results:
12
On the other hand, the possibility that π0 is Haag-dual and π0(A(W
′
p,q¯ ∩ W ′q,p¯))′′ = C1 is not
ompletely uninteresting from the physial viewpoint  as wedges model, in a ertain sense, the exterior
of blak holes, we an imagine the region W ′p,q¯∩W ′q,p¯ as being inside the horizon. From this viewpoint,
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(v) π0 is essentially Haag-dual with respet to W (M , g), but it's not (essentially)
Haag-dual with respet to D(M , g).
The seond premise allows us to esape from Corollary 4.6. In partiular, in this
ase the preosheaf of von Neumann algebras D(M , g) ∋ Dp,q¯ 7→ π0(A(Dq,p¯))′ is not
loally ausal, but the preosheaf
(4.21) W (M , g) ∋ Wp,q 7→ B(Wp,q) .= π0(A(W ′p,q))′
is, by hypothesis (v).
Lemma 4.7 Suppose that π0 satises hypothesis (v). Then, π0 satises holographi loal
deniteness if and only if the quasiloal algebras B′′Poi(r) are irreduible, i.e. B
′
Poi(r) =
C1, for all r ∈ I . In partiular, in this ase B′′M is irreduible.
Proof. It follows immediately from formula⋂
(p,q¯)∈D(I ),
Wp,q¯∋r¯
π0(A(Wp,q¯))
′′ =
⋂
(p,q¯)∈D(I ),
Wp,q¯∋r¯
π0(A(W
′
q,p¯))
′′ =
=
 ⋃
q≪I p¯∈M in(r)
B(Wq,p¯)
′ ,
and the fat that ⋂
(p,q¯)∈D(I ),
Wp,q¯∋r¯
W ′q,p¯ =
⋂
(p,q¯)∈D(I ),
Wp,q¯∋r¯
Wp,q¯ = {r¯},
by virtue of Proposition 1.8 and Theorem 1.3. 
In partiular, internal symmetries of the preosheaf Wp,q 7→ B(Wp,q) annot be
spontaneously broken in H0 if π0 satises holographi loal deniteness and hypothe-
sis (v). Notie that this doesn't imply that the internal symmetries of the preosheaf
Wp,q 7→ π0(A(Wp,q))′′ are not broken.
Let us onsider, now, a *-representation π ofAM in theHilbert spae Hπ satisfying
(4.22)
∀p, q ∈ D(I ), ∃V ∈ B(H0,Hπ) unitary suh that π(A) = V π0(A)V ∗, ∀A ∈ A(W ′p,q).
we see that a quantum theory with the harateristis above is unable to see physial events loalized
inside the event horizon. As Haag duality with respet to D(M , g) is neessary so that the Rehren-
dual quantum theory in the boundary be onformally ovariant and π0 be the GNS representation
assoiated to a vauum state [BGL93℄, we onjeture that suh a (non additive) quantum theory
probably doesn't suer from the blak hole information paradox, but is also essentially insensitive to
the details of the bulk geometry, in the same way as the saling limit built in the previous Setion.
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In partiular, π satises the DHR riterion with respet to D(M , g) under the
Rehren bijetion. The fat that π0 doesn't satisfy essential Haag duality with re-
spet to D(M , g) guarantees that the *-representations satisfying (4.22) onstitute a
proper sublass of DHR exitations.
One should notie that, even from the original viewpoint of the original form of
Rehren duality, i.e., (M , g) = AdSd, it looks weird at rst sight to employ a seletion
riterion whih aims at modelling vauum exitations orresponding to partiles, sine
onformal quantum eld theories are not elementary partile theories. However, it was
demonstrated by Buhholz, Mak and Todorov [BMT88℄ that:
Theorem 4.8 ([BMT88℄) If π0 is the GNS representation of a onformally invariant
vauum state ω0 (whih is, hene, Haag-dual with respet to D(AdSd) [BGL93℄), any
state ω with GNS representation πω with positive energy is a DHR exitation of ω0,
i.e., given any (p, q) ∈ D(I ), we have πω↾A(D ′p,q) is unitarily equivalent to π0↾A(D ′p,q).
Proof. Consider the following fats: (i) (p, q¯) ∈ D(I ) if and only if (q, p¯) ∈
D(I ); (ii) ω0 ↾π0(A(Dp,q ))′′ is normal and faithful for all (p, q) ∈ D(I ) (Reeh-
Shlieder property). As the Reeh-Shlieder property also holds if we sub-
stitute π for π0 by virtue of energy-momentum positivity, it follows that the map
π0(A) 7→ π(A) for A ∈ A(Dp,q) extends to a normal *-isomorphism between
π0(A(Dp,q))
′′
and πω(A(Dp,q))
′′
. As the yli vetors Ω0 and Ω in the respetive
GNS Hilbert spaes H0 and Hω assoiated to ω0 and ω are also separating by
the Reeh-Shlieder property, it follows from Theorem 2.5.32 in [BR87℄ (see
also Theorem 7.2.9 in [KR86℄) that suh a *-isomorphism is implemented by a
unitary operator between the GNS Hilbert spaes of ω0 and ω. From (i), we
nally see that π satises the DHR riterion, with ρ loalized in the diamond
D ′p,q. 
As the Reeh-Shlieder property is valid for the referene representations π0 we've
adopted for AAdS spaetimes, we see that suh a riterion is suiently general for our
purposes. The endomorphism ρ orresponding to π and loalized, say, in Dp,q¯ has the
following properties:
1. By onstrution, ρ ◦ π0(A) = π0(A) for all A ∈ A(Dq,p¯);
2. If (p′, q′) ∈ D(I ) are suh that p, q¯, p′, q′ ∈ M in(r) for some r ∈ I and B ∈
A(Dp′,q′), then ρ ◦ π0(B) ∈ B(Dp′′,q′′) for (p′′, q′′) ∈ D(I ) suh that Dp,q¯,Dp′,q′ ⊂
Dp′′,q′′ (repeat the argument used in Subsetion 4.4.1, page 86).
The seond property above leads to the following senario: ρ◦π0 only assumes values
in π0(AM ) for A ∈ A
(⋃
(p′,q′)∈D(I ):Wp′,q′⊃Wp,q¯
Wp′,q′
)
. However, if ρ′ is the endomorphism
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assoiated to π and loalized in Wq,p¯, we have that ρ
′
an still be obtained from the
transport of ρ by means of loal intertwiners, for, although there is no (p′, q′) ∈ D(I )
suh that Wp′,q′ ⊃ Wp,q¯∪Wq,p¯, ρ an always be transported to a smaller wedge ontained
in Wq,p¯.
We an imagine, in view of the possibility of spontaneous breaking of internal
symmetries allowed by essential Haag duality, that π0 is not irreduible. More pre-
isely, suppose that the (trivially) loalized endomorphism ι
.
= idπ0(AM ) assoiated
to π0 has nontrivial subobjets, i.e., for eah (p, q¯) ∈ D(I ) there is a projetion
1 6= E ∈ π0(A(Wp,q¯))′, a *-endomorphism σ of π0(AM ) loalized in Wp,q¯ and an isometry
W ∈ (σ, ι) suh that WW ∗ = E (by the property B of Borhers, W ∈ π0(A(Wp,q¯))′).
Atually, we only need the existene of E (guaranteed, on its turn, by the non ir-
reduibility of π0), for the existene of W and, thus, of σ (σ(π0(A))
.
= W ∗π0(A)W )
follows from the property B. Hene, we an also onsider the isometry V and the lo-
alized endomorphism σ′ assoiated to the projetion 1 − E. σ ◦ π0 as well as σ′ ◦ π0
satisfy essential Haag duality with respet to W (M , g).
Definition 4.14 If σ and σ′ are subobjets of ι whih generate disjoint representa-
tions, their unitary equivalene lasses are then alled phases of the referene state ω0.
A phase σ is said to be pure if the orresponding representation is irreduible.
Let us take the subobjets σ and σ′ of ι onstruted in the previous paragraph,
loalized respetively, say, in Dp,q¯ and Dq,p¯. As in this ase σ(π0(A)) = σ′(π0(A)) =
π0(A) if A ∈ A(W ′p,q¯) ∩ A(W ′q,p¯) ⊃ A(W ′p,q¯ ∩ W ′q,p¯), we an onsider then the following
*-endomorphism τ of π0(AM )
′′
, whih satises the following properties:
(S1) τ ◦ σ(π0(A)) = σ(π0(A)) for all A ∈ A(Wp,q¯);
(S2) τ ◦ σ′(π0(A)) = σ′(π0(A)) for all A ∈ A(Wq,p¯).
Obviously, we have τ ◦ σ(π0(A)) = τ ◦ σ′(π0(A)) = τ(π0(A)) if A ∈ A(W ′p,q¯ ∩W ′q,p¯).
We an, thus, say that τ is loalized in W ′p,q¯ ∩W ′q,p¯ and interpolates the phases σ and
σ′ (reall that, in AAdS spaetimes satisfying, as we've assumed in this Setion, the
hypotheses of Proposition 1.8 and, hene, of Theorem 1.3, W ′p,q¯ ∩W ′q,p¯ 6= ∅! See Figure
1.4, page 1.4).
Definition 4.15 An endomorphism τ whih satises (S1) and (S2) for some pair of
phases σ, σ′ of ω0 loalized respetively in wedges Wp,q¯, Wq,p¯ is said to be solitoni.
Then, we say that τ separates or interpolates σ and σ′, and the unitary equivalene
lass of τ is a soliton.
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Notie that an intertwiner whih transports σ from the wedge Wp,q¯ to another, suf-
iently lose wedge Wp′,q¯′, when applied to σ
′
, it transports the latter from Wq,p¯ to
Wq′,p¯′ and, hene, when applied to τ , produes a solitoni endomorphism loalized in
W ′
p′,q¯′
∩ W ′
q′,p¯′
in the sense above. Thus, we're entitled to remove the quotation marks
and say that τ is, indeed, loalized in W ′p,q¯∩W ′q,p¯. The omposition of solitoni endomor-
phisms τ, τ ′ is not always dened, for it demands that the orresponding endomorphisms
representing the interpolated phases τ and τ ′ t together.
4.4.3 Obstrutions to the inversion of Rehren duality
It remains to disuss the possibility that, starting from a preosheaf Dp,q 7→ A(Dp,q)
realizing a loally ovariant quantum theory A in (I , g¯(0)), we may onstrut for
eah AAdS spaetime (M , g) satisfying the hypotheses of the present Setion a pre-
osheaf O 7→ A(O) indexed by open, globally hyperboli and ausally onvex re-
gions O ⊂ M , and not only wedges (whose loal algebras are obtained by dening
A(Wp,q)
.
= A ◦ ρ(M ,g)(Wp,q)).
Let us take a referene state ω in the realization of A in (M , g). If the preosheaf
of von Neumann algebras O 7→ πω(A(O))′′ is additive, we an try to perform this
reonstrution by employing the results of Subsubsetion 1.3.1.3 (page 23) if we dene,
for a relatively ompat and geodesially onvex Op,q ⊂ M suiently small,
(4.23) B(Op,q)
.
=
⋂
Wp,q⊃Op,q
πω(A(Wp,q))
′′.
Proposition 4.9 Suppose that the preosheaf of von Neumann algebras O 7→ πω(A(O))′′
is additive and satises Haag duality with respet to wedges. ThenB(Op,q) = πω(A(O ′p,q))
′
.
Proof. Notie that the operation whih takes a von Neumann algebra to
its ommutant satises the same properties that of the operation of ausal om-
plement in ausally omplete regions (see Appendix A, end of Subsetion A.2.1,
page 117), if we substitute the algebra generated by the union for the union of
algebras. Then it follows from (4.23) that B(Op,q)
.
=
⋂
Wp,q⊃Op,q
πω(A(W
′
p,q))
′ =(∨
Wp,q⊃Op,q
πω(A(Wp,q)
′)′′
)′
= πω
(
A
(⋃
Wp,q⊃Op,q
W ′p,q
))′
= πω(A(O
′
p,q))
′
. 
If the preosheaf O 7→ πω(A(O))′′ is Haag-dual, then it's also additive and, thus,
the reonstrution proedure based upon (4.23) an be taken to ompletion in a suess-
ful way. If we assume, on the other hand, only essential Haag duality, the Haag-dual
preosheaf O 7→ πω(A(O ′))′ doesn't need to be additive. Having in sight the senario of
spontaneous breaking of internal symmetries, we an give a natural physial interpreta-
tion for this phenomenon: the Haag-dual net irumvents the spontaneous breaking of
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internal symmetries by inluding preisely those observables orresponding to extended
physial proedures, loalized, say, around domain walls, just like the soliton setors
built in the previous Subsetion. Suh a situation is analogous to ordered phases in
quantum spin models in Statistial Mehanis, where Kramers-Wannier duality pro-
dues a gas of ontours around pure-phase domains, whih, on its turn, nds itself in
the symmetri (disordered) phase [Kad00, Min00℄. If we imagine the region W ′p,q¯ ∩W ′q,p¯
( 6= ∅!), skethed in Figure 1.4 (page 1.4) as the rough loalization of a domain wall,
i.e., a maximal (that is, whih isn't properly inluded into any other submanifold of the
same odimension), aausal odimension-two submanifolds of M , it's quite tempting
to interpret the solitons in Denition 4.15 in the light of the AdS/CFT orrespondene
as D-branes, for, as we've seen, the former share essentially the same properties of the
objets of the same name in string theory [Zwi04℄.
We moreover notie that gravitationally indued superseletion setors have already
been previously onsidered in the literature, in partiular related to the superseletion
rule for eletri harge [AS80, Sor79℄. Suh setors enjoy a rather large amount of uni-
versality, and are indued even in free quantum eld theories.
We emphasize that the soliton setors we've built don't exist in AdSd, for in this
ase Haag duality and essential Haag duality with respet to W ((M , g) = AdSd),
as we've seen, oinide (this, of ourse, is diretly related to the fat that W ′p,q¯ ∩
W ′q,p¯ = ∅ in AdSd), and the diret sum of referene *-representations satisfying Haag
duality doesn't neessarily, but the diret sum ofessentially Haag-dual referene *-
representations is essentially Haag-dual [Rob04℄. More in general, Haag duality with
respet to wedges leads, by Lemma 4.7, to the irreduibility of π0, making impossible
the existene of soliton setors even if we manage to esape Corollary 4.6 and have
nontrivial observables in O ⊂ M arbitrarily small for (M , g) 6= AdSd (in AdSd, there
is no problem in assuming Haag duality, and in this ase the original Rehren dual-
ity allows a one-to-one orrespondene). Hene, the presene of soliton setors seems
to essentially render useless or impossible (modulo the validity of the property of ex-
tended loality) the unequivoal reonstrution of the bulk quantum theory by means
of the presription (4.23) in nontrivial AAdS geometries. We speulate that an alter-
native, more indiret possibility, for at least a partial reonstrution, albeit beyond the
mere speiation of the loalization of observables in wedges by the Rehren bije-
tion, would be to elaborate an operator produt expansion around the saling limit, as
suggested at the end of Setion 4.3.
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 ¾Cómo puede ser eso?  respondió
don Quijote . ¾Tan de esenia de la historia
es saber las abras que han pasado por
estenso, que si se yerra una del número no
puedes seguir adelante on la historia?
 No, señor, en ninguna manera 
respondió Sanho ; porque así omo yo
pregunté a vuestra mered que me dijeste
uántas abras habían pasado, y me respondió
que no sabía, en aquel mesmo instante se me
fue a mí de la memoria uanto que quedaba
por deir, y a fe que era de muha virtud y
ontiento.
 ¾De modo  dijo don Quijote  que
ya la historia es aabada?
 Tan aabada es omo mi madre  dijo
Sanho.
 Dígote de verdad  respondió don
Quijote  que tú has ontado unas de las más
nuevas onsejas, uento o historia que nadie
pudo pensar en el mundo, y que tal modo de
ontarla ni dejarla jamás se podrá ver ni
habrá visto en toda la vida, aunque no
esperaba yo otra osa de tu buen disurso;
mas no me maravillo, ques quizá estos golpes
que no esan te deben de tener turbado el
entendimiento.
xii
Miguel de Cervantes Saavedra
El ingenioso hidalgo don Quijote de la
Manha, Primero Libro, Cap. XX
Part III
A synthesis
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Coda. Conluding remarks
Go, go, go, said the bird: human kind
Cannot bear very muh reality.
Time past and time future
What might have been and what has been
Point to one end, whih is always present.
T. S. Eliot
Burnt Norton (Four Quartets, 1943), I
The present work was able to reveal quite a rih struture underlying the AdS/CFT
orrespondene, of whih we've been able only to srath the surfae.
The main ontributions of the present work, as a whole, an be listed as follows:
• One has speied the essential aspets underlying Rehren duality. In partiular,
the geometrial and ausal harater of the hange of loalization proposed by
Rehren was outlined from the global viewpoint (Chapter 1) as well as the loal
one (i.e., in a neighbourhood of I  Chapter 2).
• The elaborate mahinery of global Lorentzian geometry developed from two dier-
ent viewpoints  kinemati (ausal struture, onformal innity) and dynamial
(time evolution, return to equilibrium)  allowed one to determine suiently
robust onditions on the geometry of AAdS spaetimes so as ertain basi prop-
erties of Rehren duality are preserved and others are modied in a relatively
lear way, as seen in Theorem 1.3 (page 16), in Proposition 1.8 (page 20) and in
Theorem 1.14 (page 27).
• We proposed a geometrially intrinsi manner of onstruting global time fun-
tions assoiated to relatively ompat diamonds in ausally simple spaetimes and
AAdS wedges, whih admits a formulation of the (asymptoti) zeroth and seond
laws of blak hole dynamis (Setion 2.3, page 40.).
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• At the quantum level, we implemented an instane of the priniple of loal o-
variane, proposed by Brunetti, Fredenhagen and Verh (Chapter 3), in
a situation whih demands the imposition of boundary onditions (see Deni-
tion 4.1, page 70, and the disussion that follows it) adapted to the geometry
of (A)AdS spaetimes, with the help of the algebrai formalism developed by
Sommer and the prototype ase of AdSd (Proposition 4.4, page 78).
• We proposed a formalism of saling algebras around points at the onformal
innity of AAdS spaetimes whih, aided by the powerful strutural results of
Borhers and Yngvason (Theorems (4.1) to (4.3), page 75.) and by the
geometrial viewpoint of Setion 2.3, not only permitted a preise determina-
tion of boundary onditions for physially relevant states, but also established
a lose relation between return to thermal equilibrium by the ation of asymp-
toti isometries and saling limits (ondition (d), page 84 and the disussion that
follows).
• We pointed out how soliton exitations similar to D-branes (Denition 4.15, page
93) may arise in the ase of nontrivial AAdS geometries, relating them to a
nontrivial vauum struture (Denition 4.14, page 93) and to a potential im-
possibility of reonstruting the bulk quantum theory from its Rehren dual by
means of the presription (4.23) (page 94).
A problem of great interest in the literature on Lorentzian geometry onerns the
stability and rigidity of AAdS spaetimes given onditions similar to the ones assumed
in Theorem 1.3 and in Proposition 1.8. An important partial result was reently ob-
tained by Anderson [And06b℄, whih tells us that, given (i) a global time funtion t
in an asymptotially simple, geodesially omplete AAdS spaetime (M , g) satisfying
a tehnial ondition of unique ontinuation of solutions of the linearized Einstein
equations aross onformal innity, (ii) a sequene of Cauhy data dened at distint
levels t−1(ti) of t, suh that ti
i→∞−→ +∞, and tending to stationary Cauhy data, then
(M , g) is globally stationary. Although this is not a strit rigidity result, it illustrates
how the boundary onditions at onformal innity at so as to prevent the dispersion
of perturbations of Cauhy data. We are, however, far from a result about the global
nonlinear stability of (A)AdS spaetimes with the same preision as the one due to
Christodoulou and Klainerman [CK93℄ for Minkowski spaetime (see also the
Remark 2.2, page 51, for more onsiderations about this issue). Another open ques-
tion is the feasibility of demonstrating the rigidity of AdS spaetimes under (absene
of) gravitational time delay of null geodesis [PSW02℄ (see Figure 1.3, page 17). Suh
questions interest us to the extent that answering them would tell us how natural are
our geometrial assumptions from the gravitational viewpoint.
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The onstrution of global time funtions for relatively ompat diamonds we've
obtained an, we believe, be further deepened, in the diretion of asymptoti analogs
of the other laws of blak hole dynamis, thus giving us details on the utuations
of geometrial quantities around the saling limit at the tips of the diamonds, hene
seeking an analog (of a generalization) of the rst law of blak hole dynamis for dia-
monds. From the viewpoint of AAdS wedges, it interests us to relate some quantity of
this kind with the resaled eletri part Eab of theWeyl tensor, whih enters as part of
the initial data for the Fefferman-Graham expansion of the metri around innity.
The most glaring limitation of the present work is the total absene of nontrivial
examples, onerning geometry as well as (even free) QFT models. The geometrial
issue, as seen above, involves nding nontrivial examples of nonsingular AAdS spae-
times, whih is very diult without a general result as in the ase of zero osmologial
onstant. Regarding the quantum part, a future, quite ompelling diretion of inves-
tigation would be to hek the boundary ondition (4.17), at least for free elds, in
terms of more familiar premises. Doing this for general spaetimes involves plunging
into the arsenal of miroloal analysis [Hör71, DH72, Dui96, Hör90℄ in order to build
in a preise way the Green funtions.
The onstrution of an operator produt expansion within our extension of Rehren
duality represents a hallenge of its own, albeit of the highest interest, for it might po-
tentially reveal relations between deviations from thermal equilibrium in AAdS wedges
and geometrial quantities suh as Eab. An example whih motivates suh a onjeture
is the relation between the poles of retarded two-point funtions of the dual quantum
theory at the boundary, whih determine the properties of return to equilibrium, and
quasinormal modes of AAdS blak holes [HH00, SS02℄. Suh a relation should have an
analog for wedges and free elds in AAdS.
Last but not least, we obviously presented in Subsetion 4.4.2 (page 89.) only the
bare bones of the properties of soliton setors of the bulk quantum theory assoiated
to pairs of phases (satisfying the DHR riterion) of its Rehren dual at the boundary.
The results presented above ertainly deserve a deeper srutiny, along the lines of the
works of Müger [Müg98, Müg96℄ and Shlingemann [Sh96℄ in the general ase,
and along the lines of the works of Ashtekar and Sen [AS80℄ and Sorkin [Sor79℄
for the onstrution of examples, ombining the tehniques of these papers with the
aforementioned tools of miroloal analysis.
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Appendix A
Elements of Lorentzian geometry
We shall present here the neessary denitions and the statement of some useful
results in Lorentzian geometry. Our referenes are [BEE96, HE73, O'N83, Wal84℄.
A.1 Loal theory
Let M be a d-dimensional manifold, d ≥ 2. A semi-Riemannian metri of index
p is a setion g of T ∗M ⊗ T ∗M suh that g(r) is a nondegenerate symmetri bilinear
form of index p, ∀r ∈ M . The pair (M , g) is said to be a semi-Riemannian manifold
 for p = 0, (M , g) is simply a Riemannian manifold. If p = 1, we say that (M , g) is a
Lorentzian manifold.
For all ases, we'll denote by ∇a the Levi-Civita onnetion assoiated to g
 reall that a (Koszul) onnetion in a vetor bundle E
p−→ M is a map ∇ :
Γ∞(M , TM )× Γ∞(M , E ) → Γ∞(M , E ), C∞(M )-linear in the rst variable and, for
all X ∈ Γ∞(M , TM ), ∇X · is a derivation on the C∞(M )-module Γ∞(M , E ), i.e.,
(A.1) ∇X(fS) = 〈df,X〉S + f∇XS, ∀S.
Due to (A.1), the dierene between two onnetions ∇ and ∇˜ is a C∞(M )-bilinear
map with values in Γ∞(M , E ), i.e., is a setion of TM ⊗ E ∗ ⊗ E . A onnetion ∇
funtorially indues a unique onnetion in all tensor bundles E (r,s) = (⊗rE )⊗ (⊗sE ∗)
(E ∗ is the dual bundle to E ) by means of the Leibniz rule:
∇X(S1 ⊗ S2) = (∇XS1)⊗ S2 + S1 ⊗ (∇XS2), (∇XS ′)(S) + S ′(∇XS) = 〈dS ′(S), X〉.
In the ase E = TM , we say that ∇ is symmetri is the torsion tensor T (X, Y ) .=
∇XY −∇YX − [X, Y ] vanishes for all X, Y ([X, Y ] = £XY denotes the Lie braket of
X with Y ). In a semi-Riemannian manifold (M , g), a Levi-Civita onnetion is the
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(unique!) symmetrial onnetion ∇ in TM whih satises ∇Xg = 0 for all X . We
use, for the latter, the notation ∇a to denote its tensor harater.
The Riemann urvature tensor Riem(g) assoiated to g (more preisely, assoiated
to ∇a) is given by 2∇[a∇b]Xc = Riem(g)dabcXd, for all Xa. We denote yet the Rii
tensor and the salar urvature assoiated to g respetively by Ri(g)ab
.
= Riem(g)cacb
and R(g) = gabRi(g)ab, where g
ab .= (g−1)ab, gabgbc = δ
a
c . The Weyl tensor C(g)
assoiated to g is given, for d ≥ 3, by
(A.2) Cabcd = Riemabcd − 2
d− 2(ga[cRid]b − gb[cRia]d) +
2
(d− 1)(d− 2)Ra[cgd]b.
This expression algebraially vanishes for d ≤ 3, and, in this ase, Riem(g) is om-
pletely determined by Ri(g), through formula (A.2). We adopt in this formula, as well
as in several plaes throughout the present work, a slight abuse of notation by omitting
the speiation of g for theWeyl tensor. We'll do it whenever suh a pratie doesn't
ause onfusion, to alleviate the notation.
Given a semi-Riemannian manifold (M , g), p ∈ M we say that X(p) ∈ TpM is
timelike, spaelike, ausal or lightlike (null) if, respetively, g(X,X)(p) < 0, > 0, ≤ 0
or = 0. A vetor eld X is timelike, spaelike, ausal or lightlike / null if X(p) is for all
p ∈ M . We dene analogously timelike, spaelike, ausal and lightlike / null ovetors
and ovetor elds by exhanging g with g−1. Suh a harateristi of a (o)vetor eld
is said to be its ausal harater. The raising and lowering of indies by g, g−1 doesn't
modify the ausal harater.
A pieewise C∞ urve γ is said to be timelike, spaelike, ausal or null if, in eah
C∞ omponent γα, α = 1, . . . , k, the tangent vetor γ˙a satises respetively γ˙aαγ˙αa < 0,
γ˙aαγ˙αa > 0, γ˙
a
αγ˙αa ≥ 0 or γ˙aαγ˙αa = 0. A ausal γ is past or future direted if, for ta
denoting a timelike vetor eld whih determines the time orientation of (M , gab), we
have respetively taγ˙αa > 0 or t
aγ˙αa < 0 along eah omponent γα.
A C∞ urve γ is a geodesi if its tangent vetor is ovariantly onstant: γ˙a∇aγ˙b = 0.
Thus, a geodesi segment is uniquely determined by the hoie of a point p of M and a
tangent vetor at p, by the theorem of existene and uniqueness of solutions of ordinary
dierential equations on manifolds. Given O1 ⊂ O ⊂ M , we say that O1 is geodesially
onvex with respet to O if, given any p, q ∈ O1, there exists a unique geodesi segment
ontained in O linking p to q. Any p ∈ M has a geodesially onvex neighbourhood.
More in general, a neighbourhood U of p ∈ M is said to be geodesially normal if for
all q ∈ U there exists a unique geodesi linking p to q (i.e., we don't assume that this
is true for q, q′ 6= p). For suh neighbourhoods, we an write the following system of
oordinates: the exponential map
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(A.3)
expp : V ⊂ TpM → U
X 7→ expp(X) = γX(1),
where γX : [0, 1] → M is the (unique) geodesi segment suh that γ(0) = p and
γ˙(0) = X , is a dieomorphism for U suiently small. In this ase, exp−1p (U ) = V
is a star-shaped neighbourhood of the origin in TpM ∼= Rd (i.e., given q ∈ V , we have
tq ∈ V for all t ∈ [0, 1]), whose Cartesian oordinates (exp−1p )µ .= xµ : U → V are
denominated (geodesi) normal oordinates. The metri in U , expressed by means of
the latter, beomes [BGM71, Spi79℄
gµν(p) = (g ◦ x−1)µν(0) = ηµν , ∂µ(g ◦ x−1)(0) = 0;(A.4)
gµν(expp(x)) = ηµν −
1
3
Riem(g ◦ x−1)(0)µρνσxρxσ + o(x2);(A.5)
⇓√
| det(g ◦ x−1)|(expp(x)) = 1−
1
6
Ri(g ◦ x−1)(0)ρσxρxσ + o(x2).(A.6)
The formulae (A.4)(A.5), already present in embryoni form in the elebrated Ha-
bilitationsshrift of B. Riemann, were proven in omplete generality by É. Cartan.
In the ase of Lorentzian manifolds, we say that a hypersurfae (i.e., a odimension-
one submanifold) is timelike, spaelike or lightlike / null if a normal vetor na at eah
point is respetively spaelike, timelike or null. Timelike and spaelike hypersurfaes,
when endowed with the pullbak g(0) of g under the inlusion map (sometimes alled
rst fundamental form  see the paragraph after the next), are respetively Rieman-
nian and Lorentzian manifolds by themselves. The null ase is exeptional, for then a
normal is also tangent to the hypersurfae, and the pullbak of g results in a degenerate
symmetri bilinear form, for the one-dimensional subspae of null tangent vetors has
eigenvalue zero  the remaining diretions are neessarily spaelike, for there are no
two linearly independent vetors whih are mutually orthogonal with respet to g and
suh that one is lightlike and the other is ausal.
Let Σ be a nondegenerate hypersurfae in a Lorentzian manifold (M , g) (i.e., Σ
is either timelike or spaelike), with unit normal na and indued metri hab = gab −
g(n, n)nanb (suh that h(X,X) = g(X,X) if X ∈ TΣ, and h(n, .) = 0). We an dene,
for some ǫ > 0, geodesi normal oordinates (p, ǫ′) in a tubular neighbourhood U of Σ
in M by writing Σ × {0} .= Σ and, for p ∈ Σ and ǫ′ satisfying |ǫ′| < ǫ (beware that ǫ
may depend on p, unless Σ is ompat), writing (p, ǫ′) = γ(ǫ′), where γ is the unique
geodesi with γ(0) = p and γ˙(0)a = na(p)  with this, we an extend na from Σ to U ,
where it still holds that g(n, n) = ±1 (we use the same notation for the extension of n,
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sine there is no onfusion). As, in this ase, we see that g(n, .) = dφ, where φ : U → R
is given by φ((p, ǫ′) = ǫ′, it follows that ∇anb = ∇bna and na∇anb = na∇bna = 0.
We'll make use of the following routine to relate the intrinsi (given by h) and ex-
trinsi (given by g) geometries of Σ: let ∇(0) be the Levi-Civita onnetion assoiated
to the restrition g(0) of g to Σ (= pullbak of g under the natural inlusion map / em-
bedding iΣ,M of Σ into M ), let's identify vetor elds X, Y in Σ with the vetor elds
in U obtained by means of parallel transport of X and Y along the geodesis normal to
Σ. Hene, we an identify the onnetion ∇(0) with the omponent of ∇XY tangential
to Σ, i.e.,
∇(0)X Y = (g−1h)∇XY,
where (g−1h)ab = g
achbc = h
a
b is the projetor onto the subspae tangent to the foliation.
The omponent of ∇XY normal to Σ, given by g(∇XY, n) = −XaY b∇anb, denes the
extrinsi urvature (or seond fundamental form) Kab
.
= −1
2
(£nh)ab = −∇anb. Notie
that, due to the above onsiderations, K is symmetri and, indeed, a tensor in Σ. The
desired relation is, thus, given by the Gauss (A.7) and Codazzi-Mainardi equations
(A.8)
hqah
r
bh
s
ch
t
dRiem(g)qrst = Riem(h)abcd − 2g(n, n)Ka[cKd]b,(A.7)
hcbn
d
Ri(g)cd = 2h
c
[aD|c|K
a
b].(A.8)
The lightlike ase an be treated in the following manner: taking a lightlike hyper-
surfae S , we see that the null geodesis onstruted as in the nondegenerate ase
above are, at the same time, normal and tangent to S , and generate the latter,
in the sense that it's possible to hoose an ane parametrization λ ommon to all
these geodesis (using, for instane, an auxiliary Riemannian metri in M to normal-
ize the lightlike diretions), in suh a way that onstant-λ submanifolds are spaelike,
odimension-two submanifolds of M , with null normal and tangent to S denoted by
ka = ( d
dλ
)a. It's possible, in this situation, to impose the following Riemannian stru-
ture in S : at eah p ∈ S , whose ane parameter assumes the value λp, we say that
X(p), Y (p) ∈ TpS are equivalent if X(p)− Y (p) is lightlike, denoting suh an equiva-
lene lass by Xˆ(p)(= Yˆ (p)). That is, we take at eah p the quotient T̂pS ∋ Xˆ(p) of
TpS modulo its degenerate one-dimensional subspae. The metri hˆ indued in TS by
the quotient is a (nondegenerate) Riemannian metri with one dimension less, whih is
identied at eah onstant-λ submanifold with the metri indued diretly by g. Thus,
we an dene the null extrinsi urvature Kˆ = −1
2
d
dλ
hˆ.
We an visualize a nondegenerate Σ hypersurfae loally as a parametrization of
the family of geodesis normal to Σ. We an, more generally, onsider a family (or
ongruene) of geodesis with the same ausal harater, going through an open set
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O ⊂ M , suh that eah p ∈ O is rossed by a single geodesi of the family (loally,
any vetor eld Xa generate a family of urves with this property, whih are geodesis
if and only if Xa∇aXb = 0). The dierene with respet to the ase of hypersurfaes is
that the distribution of subspaes of TpO normal to the ongruene at eah p need not
be integrable, that is, it needs not to generate a family of hypersurfaes normal to the
ongruene. We an, nevertheless, yet in this ase dene the rst fundamental form of
the ongruene in the nondegenerate ase hab
.
= gab− g(X,X)XaXb and in the lightlike
ase hˆab
.
= (gab −XaXb)/∧, and the (null) seond fundamental form
(∧)
Kab = ∇bXa(/∧),1
where X is the (o)vetor eld tangent to the ongruene, whih is parametrized in
suh a manner that X is normalized at ±1 resp. in the spaelike / timelike ase (resp.
normalized at 1 with respet to an auxiliary Riemannian metri in the lightlike ase).
It's immediate to see that, in the nondegenerate ase, K ats on the subspaes
normal to the ongruene, for XaKab =
1
2
∇bXaXa = 0 and XbKab = Xb∇bXa = 0. In
the null ase, K (without hats) ats nontrivially in the spaelike normal subspae and
in the other null diretion normal to this subspae, whose tangent vetor eld of the
same time orientation that of Xa we denote by X¯a. This vetor eld loally generates
another ongruene of null geodesis, naturally assoiated to the rst  namely, it's the
only other ongruene whih shares the same spaelike normal subspaes. the normal-
ization adopted for X¯a is given by g(X, X¯) = −2.
Unlike as in the ase of hypersurfaes, however, Kab is not neessarily a symmetri
tensor:
(∧)
ωab
.
=
(∧)
K[ab] (alled (null) twist of the ongruene) expresses preisely the failure
of the distribution of subspaes normal to the ongruene to be integrable. By the
Frobenius theorem [Wal84℄, the ongruene is normal to a family of hypersurfaes if
and only if X[aKbc] ≡ 0. The symmetri part an be deomposed in terms of the trae
with respet to
(∧)
h, alled (null) expansion (or (null) mean urvature) θ
.
=
(∧)
Kab
(∧)
hab (the
hat in the null ase is unneessary for the rst member for it's a salar), and the trae-
free part, denominated (null) shear
(∧)
σab
.
=
(∧)
K(ab) − 1d−1
(∧)
θ .
(∧)
hab (a fator (d − 2) must be
substituted for the fator (d−1) in the null ase, beause of the dimensional redution
due to the quotient modulo the equivalene relation assoiated to
∧
). Summing up,
(A.9)
(∧)
Kab =
(∧)
ωab +
(∧)
σab +
1
d− 1(2)θ
(∧)
hab.
The manner the geometry normal to the ongruene hanges along the parallel
transport is given by the matrix Riati equation
(A.10) Xc∇cKab = −KcbKac + Riem(g)cbadXcXd.
1
We use, for ongruenes, a sign onvention opposite to the one employed for hypersurfaes when
we dene the seond fundamental form.
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Let us now take the quotient of (A.10) in the null ase, whih is the ase of interest
in the present work, and deompose the result in terms of the expansion, shear and
twist in the left hand side. Denoting by λ the ommon ane parametrization of the
ongruene, we have:
dθ
dλ
= − 1
d − 2θ
2 − σˆabσˆab + ωˆabωˆab − RcdXcXd;(A.11)
Xc∇cσˆab = −θσˆab + C(g)cbadXcXd; 2(A.12)
Xc∇cωˆab = −θωˆab.(A.13)
Equation (A.11) is the elebrated Rayhaudhuri equation.
Any one-parameter subfamily of geodesis γλ, −ǫ < λ < ǫ, ǫ > 0 of a ongruene
produes a vetor eld Y
.
= d
dλ
↾λ=0 in γ0, whih denotes the relative displaement a
geodesi innitesimally lose to γ0. The relative aeleration of two suh geodesis is
given by the equation of geodesi deviation (also alled Jaobi equation)
(A.14) Xc∇c(Xb∇bY a) = −RacbdXcXdY b.
More in general, we an dene a Jaobi eld over a geodesi γ as a solution Y of
(A.14) with X = γ˙. We say that a ausal geodesi γ has a pair of onjugate points
p = γ(λ1), q = γ(λ2), λ1 < λ2, if there exists a Jaobi eld Y whih vanishes nowhere
in γ((λ1, λ2)) but does so at p and q. Geometrially, this means that the geodesis
emanating from p and innitesimally lose to γ tend to fous at q.
To visualize this phenomenon in the nondegenerate ase, let us take an orthonormal
frame eai (λ), i = 0, . . . , d − 1 parallelly propagated along γ, suh that ea0(λ) = Xa(λ).
Taking λ1 = 0 for simpliity, we have Y
a(0) = 0 and, hene,
Y i(λ) =
d−1∑
j=1
Aij(λ)
dY j
dλ
(0),
where the matrix Aij expressed in terms of the hosen frame satises
d2Aij
dλ2
= −RiklmXkXmAlj .
2C(g)cbadX
cXd is a symmetri tensor whih assumes a unique value at eah equivalene lass
assoiated to
∧
.
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As
dY i
dλ
= eibX
a∇aY b = eibY a∇aXb =
d−1∑
j=1
KijY
j,
we have
Kij =
[
dA
dλ
]i
k
[A−1]kj ,
and thus θ = tr[K] = 1
detA
d
dλ
(detA). Hene, detA→ 0, whih implies that A possesses
an eigenspae normal to Xa with eigenvalue zero and, thus, there exists a Jaobi eld
whih vanishes at p and q, if and only if θ → −∞ at q. The lightlike ase is treated
by adopting a frame parallelly propagated along γ suh that ea0 = X
a
, ea1 = X¯
a
, and
ea2, . . . , e
a
d−1 an orthonormal set suh that g(e0, ei) = g(e1, ei) = 0, i = 2, . . . , d− 1. The
formulae above don't involve ea1 in the latter ase.
A.2 Global theory
By a spaetime one understands a time orientable Lorentzian manifold (M , g) , i.e.,
there exists a timelike vetor eld C∞ T a in M whih vanishes nowhere (in partiular,
we an hoose g(T, T ) = −1).
A.2.1 Causal struture, geodesi ompleteness
Let (M , gab) be a spaetime, O ⊂ M , p ∈ O . The hronologial (resp. ausal)
future of p with respet to O , denoted by I+(p,O) (resp. I+(p,O)) is given by
I+(p,O) =˙ {x ∈ O : ∃γ : [0, a] C∞−→ O future direted,
timelike suh that γ(0) = p, γ(a) = x};(A.15)
J+(p,O) =˙ {x ∈ O : x = p or ∃γ : [0, a] C∞−→ U future direted,
ausal suh that γ(0) = p, γ(a) = x}.(A.16)
Exhanging future with past, one denes in a dual way the hronologial (resp.
ausal) past I−(p,O) (resp. J−(p,O)) of p with respet to O . It follows from these
denitions that I±(p,O) is open and int(J±(p,O)) = I±(p,O). A set O1 ⊂ O is
said to be ausally onvex with respet to O if, given any p ≤O q ∈ O1, we have
J+(p,O) ∩ J−(q,O) ⊂ O1.
Using the sets above, we an dene hronology and ausality relations between two
points. Let p, q ∈ O ⊂ M . We say that p hronologially (resp. ausally) preedes q
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with respet to O if p ∈ I−(q,O) (resp. p ∈ J−(q,O)). We denote this relation by
p ≪O q (resp. p ≤O q). Equivalently, we say in this ase that q hronologially (resp.
ausally) sueeds p with respet to O , with the notation q ≫O p (resp. q ≥O p).
If p ≤O q and p 6= q, we write p <O q, or, dually, q >O p. If p 6= q, p 6≪O q and
p 6≫O q (resp. p ≮O q and p ≯O q), we say that p and q are hronologially (resp.
ausally) disjoint  in this ase, we write p upriseO q (resp. p ⊥O q). All hronology and
ausality relations dened above, as well as the hronologial or ausal past and future,
are dened for nonunit and nonvoid sets in an obvious manner. If p 6= q ∈ O ⊂ M im-
plies pupriseO q (resp. p ⊥O q), we say that O is ahronal (resp. aausal) with respet to O .
Some onsequenes of the denitions of the previous paragraph are:
• ≪O is an open relation, that is,
p≪O q ⇒ ∃O1,O2 ⊂ M open suh that(A.17)
p ∈ O1, q ∈ O2 andO1 ∩O ≪O O2 ∩ O .
•
(A.18) J+(J+(p,O),O) = J+(p,O), i.e., p ≤O q and q ≤O r ⇒ p ≤O r.
•
I+(I+(p,O),O) = I+(J+(p,O),O) = J+(I+(p,O),O) = I+(p,O),
i.e., (p≪O q and q ≪O r) or (p≪O q and q ≤O r) or (p ≤O q and(A.19)
q ≪O r) ⇒ p≪O r.
•
(A.20) I+(O1,O2) = J+(O1,O2), ∀O1 ⊂ O2,
where the losure is taken in the relative topology of O2.
•
(A.21) ∂I+(O1,O2) = ∂J
+(O1,O2), ∀O1 ⊂ O2,
where the boundary is taken in the relative topology of O2.
The set dened in (A.21) is alled future ahronal boundary of O1 with respet
to O2, and onstitutes an ahronal, topologial submanifold of M suh that any
p ∈ ∂I+(O1,O2) belongs to a (neessarily unique) geodesi segment, whih is ahronal
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with respet to O2 and ontained in ∂I
+(O1,O2), whih is either past inextendible or
has a past endpoint in O1. Suh geodesis are denominated generators of ∂I+(O1,O2).
Notie that (A.17)(A.21) still hold if we exhange future with past.
One of the most powerful tools in the analysis of the global geometry of Lorentzian
manifolds is the Lorentzian distane. Let p ≤M q ∈ M , and denote by Ωp,q the spae
of future direted, ausal pieewise C∞ urves linking p to q (this spae is empty if
p M q). Ωp,q inherits the following topology from the spae Path(M ) of C 0 urves
in M : we say that a sequene of pieewise C∞ urves {γn : [0, λ]→ M } onverges to
γ : [0, λ] → M if γn(0) → γ(0) and, given any open set O ⊂ M ontaining γ([0, λ]),
there exists N ∈ Z+ suh that γn([0, λ]) ⊂ O for all n ≥ N . This topology is alled C 0
topology. Consider λ ∈ Ωp,q parametrized by λ ∈ [λ0 = 0, λk], with C∞ omponents γi,
i = 1, . . . , k, dened respetively in the intervals [λi−1, λi], λ0 < λ1 < · · · < λk. The
Lorentzian ar length of γ is given by
(A.22) Lg(γ)
.
=
k∑
i=1
∫ λi
λi−1
√
−g(γ˙i(λ), γ˙i(λ))dλ.
For timelike urves, whih orrespond to trajetories of observers, (A.22) is also said
to be the proper time of the trajetory.
Definition A.1 The Lorentzian distane in (M , g) is the funtion dg : M ×M →
R¯+ ∪ {+∞} given by
(A.23) (p, q) 7→ dg(p, q) =
{
supγ∈Ωp,q Lg(γ) if p ≤M q;
0 otherwise.
It follows immediately from the denition that dg satises a reverse triangular in-
equality: if p ≤M r ≤M q, then
dg(p, q) ≥ dg(p, r) + dg(r, q).
where the value dg(p, q) = +∞ may be obtained is in the extremal Reissner-Nord-
ström spaetime (see [BEE96℄). In the ase p = q, we have dg(p, p) = 0 or dg(p, p) =
+∞. dg is lower semiontinuous for all (p, q) where dg(p, q) < +∞. We say that γ ∈ Ωp,q
is maximal if L(γ) = dg(p, q). One an prove [BEE96℄ that, if γ is maximal, then it's a
(C∞) ausal geodesi, up to reparametrization. In partiular, a maximal null geodesi
is ahronal. On the other hand, if a, say, future ausal geodesi γ possesses a pair of
onjugate points p ≤ q, then any points p′, q′ in γ with p′ in the past of p and q′ in
the future of q, we have that the segments of γ whih link p′ to q and p to q′ no longer
maximize the Lorentzian ar length between these pairs of points  in partiular, if γ is
lightlike, it eases to be ahronal if suiently extended. The same ours if a ausal
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geodesi, distint from γ, links p to q.
Now we reapitulate some ausality onditions one an impose on (M , g). We say
that (M , g) is hronologial (resp. ausal) if there is no p ∈ M suh that p ≪M p
(resp. p <M p)  equivalently, (M , g) is hronologial if and only if dg(p, p) = 0, and
ausal if and only if Ωp,p = ∅, for all p ∈ M . We say that (M , g) is strongly ausal
if, for all p ∈ M , there exist arbitrarily small open neighbourhoods O of p suh that
no ausal urve has a disonneted intersetion with O . This implies that no om-
pat set ompletely ontains a past or future intextendible ausal urve (i.e., suh that
it's not properly ontained in any other urve), and, in partiular, that (M , g) is ausal.
A partiularly interesting lass of spaetimes is the one whih admits a foliation
by aausal hypersurfaes, for these admit a global notion time evolution (possibly sup-
plemented by boundary onditions). Namely, we say that t ∈ C 0(M ) is a global time
funtion if t ◦ γ is stritly inreasing for any future direted ausal urve γ. If t is C 1,
we equivalently say that t is a global time funtion if dt is a future direted timelike
ovetor and t(M ) = R. In this ase, t−1(τ) is a spaelike hypersurfae for all τ ∈ R,
and any p ∈ M belongs to t−1(τ) for preisely one value of τ . As dt indues the
same time orientation as adopted for (M , g), it follows that t−1(τ) is aausal for all
τ ∈ R. A spaetime whih admits a (ontinuous) global time funtion is said to be
stably ausal. The name omes from the fat that suh spaetimes an be equivalently
dened by the following property: there exists a timelike ovetor eld Ta suh that the
Lorentzian metri gab − λTaTb is hronologial for all λ ∈ [0, 1). In our ase, T = dt;
onversely, given Ta as above, it's possible to build a (ontinuous) global time funtion
[Ger70, Wal84℄. The question of how to onstrut global time C∞ funtions in this
ontext was partially answered by Seifert [Sei77℄ and Diekmann [Die88℄, and om-
pletely reently by Bernal and Sánhez [BS03, BS05, BS06℄, thus eliminating the
neessity of assuming dierentiability of global time funtions in the denition of stable
ausality. Hene, as a dierentiable t has no ritial points, all onstant-t hypersurfaes
are dieomorphi among eah other.
Finally, we say that a strongly ausal spaetime (M , g) is ausally simple if, for
all p ∈ M one has that J±(p,M ) is losed, or, equivalently, J±(p,M )r I±(p,M ) =
∂I±(p,M ), and globally hyperboli if, for all p, q ∈ V , the set J−(p,M ) ∩ J+(q,M )
is ompat if nonvoid.
3
Equivalently, (M , g) is globally hyperboli if and only if Ωp,q
is ompat in the C 0 topology if nonvoid. Thus, it follows that, in a globally hyper-
boli spaetime, dg is ontinuous and dg(p, q) < +∞, ∀p, q ∈ M . Global hyperboliity
learly implies simple ausality, whih, on its turn, implies stable ausality (for the
3
Very reently, Bernal and Sánhez [BS07℄ showed that we an substitute ausal for strongly
ausal in the denition of global hyperboliity given here.
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latter assertion, see [BEE96℄). All above onditions an be dened for subsets of M .
Let now S ⊂ M be losed and ahronal. The future (resp. past) domain of
dependene of S , denoted by D+(S ) (resp. D−(S )) onsists of the set
D+/−(S ) =˙ {p ∈ M : ∀ past/future inextendible, ausalγ : [0, a) −→ M
suh that γ(0) = p, ∃b < a suh that γ(b) ∈ I }.(A.24)
D(S )
.
= D+(S ) ∪D−(S ) is denoted domain of dependene or Cauhy develop-
ment of S . The edge of S (notation: S˙ ) onsists of the points p ∈ S suh that
any open neighbourhood of p has points q ∈ I−(p), r ∈ I+(p) and a timelike urve γ
linking q to r with empty intersetion with S . If S˙ = ∅ then S is a odimension-
one embedded topologial submanifold of M . A domain of dependene possesses the
following properties:
• The set int(D(S )) is globally hyperboli (in this ase, we say that S is a Cauhy
surfae for int(D(S ))), as is D(S ) if S˙ = ∅. Conversely, one an prove that
any globally hyperboli region has a Cauhy surfae  moreover, one an build
a global time funtion t suh that t−1(τ) is a Cauhy surfae for all τ ∈ R.
• The ahronal, losed set H+(S ) .= D+(S )rI−(D+(S )), alled future Cauhy
horizon of S has the following property: any p ∈ H+(S ) is ontained in a
(neessarily unique) ahronal, null geodesi segment ontained in H+(S ) whih
is either past inextendible or possesses a past endpoint in S˙ . An analogous
denition exists for H−(S ), the past Cauhy horizon of S ;
• The Cauhy horizon H(S ) .= H+(S ) ∪H−(S ) equals ∂D(S ).
The main harateristi of a globally hyperboli spaetime is that it's dynamially
losed, i.e., the Cauhy problem for any equation of motion whih propagates initial
data in a loally ausal manner (i.e., the support of the solution at eah instant grows
in time with speed less than that of the light), as, for instane, the wave equation, is
well posed, i.e., it possesses a unique solution, whih depends ontinuously on the initial
data, for the solution assoiated to initial data with ompat support in the time-zero
hypersurfae has spatially ompat support at every other instant. This eliminates the
need for boundary onditions, whih doesn't neessarily happen in the more general
ase of stably ausal or ausally simple spaetimes [Wal80℄.
On geodesi ompleteness: we say that a geodesi γ is past, future omplete or sim-
ply omplete if, respetively, its ane parameter extends to R+, R− or R.
4 (M , g) is
4
Here the words past and future, unlike elsewhere, refer only to the ane parameter, rather than
to any time orientation whatsoever, for they also apply, as shown afterwards, to spaelike geodesis.
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said to be spaelike, timelike or null geodesially omplete if, respetively, any spaelike,
timelike or null geodesi is omplete. The ounterexamples olleted and onstruted
by Geroh in [Ger68℄ show that the three denitions are logially independent, that
is, none of these implies the other. Timelike and/or null geodesi inompleteness are
often used riteria to determine the presene of singularities, for they annot be ir-
umvented by some sort of Cauhy ompletion with respet to, say, some distane
funtion whih generates the manifold topology by means of paraompatness (whih
implies metrizability [Dug66℄).
To onlude, we must onsider two important notions for theories of loal observ-
ables: the ausal omplement of an open set O with respet to O ⊃ O1 is the set
(O1)′O
.
= int{p ⊥O O1}, and the ausal ompletion of O1 with respet to O is given by
(O1)′′O ≡ (O1)′O)′O .5 If (O1)′′O = O1, we say that O1 is ausally omplete with respet to
O . It follows from these denitions that:
• (O1)′′O is the smallest ausally omplete open set with respet to O whih ontains
O1. Notie here the importane of our taking O1 open in our denition of ausal
omplement  if, for instane, O1 = {p} or, more in general, a disrete ahronal
set, we have (O1)′′O = ∅. See later on how we'll do to dene the operations of
ausal omplement for sets whih are not neessarily open, for whih the property
above doesn't obligatorily hold.
• (O1)′′′O = (O1)′O ;
• O1 ⊂ O2 ⇒ (O1)′O ⊃ (O2)′O ;
• (∪αOα)′O = ∩α(Oα)′O ⇒ (∪α(Oα)′O)′O = ∩α(Oα)′′O and, hene, any intersetion
of ausally omplete sets is ausally omplete  we shall use these formulae to
extend the denition of ausal omplement to arbitrary sets.
• Any diamond Op,q .= I−(p,O) ∩ I+(q,O) = ({p, q})′′O , p ≪O q, is ausally om-
plete.
Throughout the present work, we assume that all our spaetimes are strongly ausal,
unless otherwise stated.
Remark A.2 If O = M , the part of the notations of this Subsetion indiating O an
be omitted.
5
Suh denitions dier from the ones adopted in [Rib07℄, where we don't assume O open. The
dierenes involved, though, don't imply any modiation in the proofs of the results of [Rib07℄.
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A.2.2 Conformal innity
Definition A.3 The onformal innity or onformal boundary of a d-dimensional
spaetime (M , g) is a d − 1-dimensional spaetime (I , g¯(0)) suh that there exists a
d-dimensional Lorentzian manifold (M , g¯) with boundary (the onformal losure or
onformal ompletion of (M , g)) satisfying:
• I ≡ ∂M ; there exists a dieomorphism Φ of M onto Φ(M ) .= M r ∂M ;
• g¯(0) is the semi-Riemannian metri (possibly degenerate) indued by g¯ in I ;
• There is a onformal or Weyl fator, there is, a positive C∞ funtion z in M ,
whih admits a C∞ extension to M suh that z↾I ≡ 0 and dz↾I 6= 0 in I (the
Weyl fator and its extension to the onformal losure are always denoted by
the same symbol, sine there is no onfusion here) satisfying g¯ = z2g. We denote
respetively by ∇¯a and (0)∇¯a the Levi-Civita onnetions assoiated to g¯ and
g¯(0).
We'll now show what beomes of the formulae for ∇¯a, Riem(g¯) and Ri(g¯) in M .
First, reall that any two linear onnetions ∇a and ∇¯a dier in its ation on the
C∞-module Γ(M , T ∗M ) by a tensor Ccab of rank (1, 2), i.e.,
(A.25) ∇¯aXb = ∇aXb − CcabXc.
Hene, starting from the Levi-Civita onditions
∇agbc = 0, ∇a∇bf = ∇b∇af, ∀f ∈ C∞(M ),
we obtain
Ccab =
1
2
g¯cd(∇ag¯bd +∇bg¯ad −∇dg¯ab).6
In partiular, taking g and g¯ as in Denition A.3, it follows ∇ag¯bc = 2zgbc∇az and,
hene,
(A.26) Ccab =
1
z
gcd(gbd∇az + gad∇bz − gab∇dz).
Geodesis with respet to ∇a in general are no longer so with respet to ∇¯a, for
Xa∇aXb = 0 ⇒ Xa∇¯aXb = XaCbacXc =
2
z
XbXc∇cz − g(X,X)
z
gbd∇dz.
6
Speializing this formula to a loal hart with domain endowed with the Minkowski metri, we
thus obtain the usual expression usual in loal oordinates for the Christoffel symbols.
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However, if Xa = γ˙a(λ) is null with respet to g (and, thus, g¯), where λ is the original
ane parametrization of γ, hoosing λ¯ = e2 log z(γ(λ))λ = z2λ, it follows that
d2
dλ¯2
γ(λ¯) = 0,
i.e., γ is a null geodesi with respet to g¯ up to reparametrization. The relations
involving the Riemann and Rii tensors beome (taking z−1∇az = ∇a log z)
Riem(g¯)dabc = Riem(g)
d
abc − 2∇[aCdb]c + 2Cec[aCdb]e =(A.27)
= Riem(g)dabc + 2δ
d
[a∇b]∇c log z − 2gdegc[a∇b]∇e log z +
+2(∇[a log z)δdb]∇c log z − 2(∇[a log z)gb]cgdf∇f log z +
−2gc[aδdb]gef(∇e log z)∇f log z
and (ontrating the indies d and b in (A.23))
Ri(g¯)ac = Ri(g)ac − d− 2
z
∇a∇cz − 1
z
gacg
de∇d∇ez +(A.28)
+2
d− 2
z2
(∇az)∇cz − d− 3
z2
gacg
de(∇dz)∇ez.
It's onvenient to have at our disposal the inverse form of (A.28), employed in
Chapter 2. Exhanging the roles of g and g¯ and taking z 7→ z−1, we arrive at
(A.29) Ri(g)ac = Ri(g¯)ac +
d− 2
z
∇¯a∇¯cz + g¯acg¯de
(
1
z
∇¯d∇¯ez − d− 1
z2
(∇¯dz)∇¯ez
)
.
It follows from formulae (A.2), (A.27) and (A.28) that theWeyl tensor is invariant
under onformal hanges of the metri, i.e.,
C(g¯)dabc = C(g)
d
abc, or C(g¯)abcd = z
2C(g)abcd,
where it's understood that the raising and lowering of indies of tensors built uniquely
from a metri g must be made with g (other ases are treated individually aording
to the ontext).
Returning to I , we point out that it's always possible to hoose z in suh a way
that ∇¯a∇¯bz↾I = 0, with no restritions on the hosen representative of the onformal
lass of g¯(0) (a proof of this fat in the ase that g satises the Einstein equations
without matter is presented in Setion 2.2). It's ustomary to all the spaetime (M , g)
simply the bulk, and the orresponding onformal innity (I , g¯(0)), the boundary.
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An important harateristi of onformal hanges of a Lorentzian metri is that the
ausal struture is an invariant of the onformal struture assoiated to this metri. In
partiular, the onformal innity is also alled null innity, due to the invariane of the
onept of null geodesis under onformal hanges of the metri, as seen above. This
is based upon the idea that omplete null geodesis may have, from the viewpoint of
(M , g¯), past and future endpoints (in the sense of ideal points of Geroh, Kron-
heimer and Penrose [GKP72℄) in I . However, one must notie that I need not be
the innity for any omplete null geodesi. A ase in whih this ertainly ours is
when (M , g) is strongly ausal and (M , g¯) is ompat (example: Minkowski spae-
time); however, if (M , g¯) is not ompat, it may happen that some null geodesis are
unable to reah I . This motivates the following
Definition A.4 Let (M , g) be a d-dimensional spaetime with onformal innity (I ,
g¯(0)). We say that (M , g) is asymptotially simple if any null geodesi in (M , g) has a
unique extension to (M , g¯) suh that I ontains preisely both endpoints of the latter.
Obviously, this is only possible if (M , g) is null geodesially omplete. Atually, in
the ase that (I , g¯(0)) is timelike (and, hene, a spaetime in its own right), one an
say more, justifying the name asymptotially simple:
Theorem A.1 If (M , g) is asymptotially simple with timelike onformal innity,
then it's ausally simple.
Proof. First, notie that if p, q ∈ M is suh that p 6≪M q, then p 6≪M q
(a past ounterpart holds by an analogous argument), for a timelike urve in
M linking p to q an always be slightly deformed so as to result in a timelike
urve ontained in M and linking p to q. Now, suppose that p ∈ ∂I−(q,M ) and
p /∈ J−(q,M ). By the argument above, we have p ∈ ∂I−(q,M ). Moreover, by
hypothesis, a null generator γ of ∂I−(q,M ) needs to attain its future endpoint
at innity without rossing q before that. Let r be suh an endpoint. Then,
r ∈ ∂I−(q,M ) as the latter set is losed. Sine the innity is totally geodesi
[Rib07℄, γ must hit it transversally and, thus, any ausal extension of γ must be
broken
7
. Hene, if we extend γ slightly towards the future by a null generator
segment γ′ in ∂I−(q,M ) rossing r (by, say, adjusting the ane parameter t of γ′
equal to zero at r and extending it up to t = ǫ > 0), then there exists a timelike
urve in M linking p to γ′(ǫ) [HE73℄, whih violates the ahronality of ∂I−(q,M ).
Repeat the argument exhanging future with past. 
An asymptotially simple spaetime need not, though, be globally hyperboli  a
prime example is the AdS spaetime.
7
Reall that a ontinuous urve segment is said to be broken if it's pieewise C∞ but not C 1 in a
nite set.
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Appendix B
Elements of operator algebras
The formalism of operator algebras is a rather powerful language for the disussion
of strutural aspets of Quantum Physis whih are independent of the representation
of operators in some xed Hilbert spae, whih is absolutely fundamental in the rela-
tivisti ase (i.e., Quantum Field Theory) and, more in general, in the study of systems
with an innite number of degrees of freedom (thermodynami limits in Quantum Sta-
tistial Mehanis, et.).
C*-algebras and von Neumann algebras (to be seen in Setion B.2) are adequate
to the disussion of bounded operators. We an, when onsidering unbounded oper-
ators, make use of ontinuous funtional alulus (spetral theorem) when the latter
applies and treat only bounded funtions of these operators, hene avoiding tehnial
problems relative to the determination of domains. When we disuss eld operators,
as well as their distributional harater, it's however onvenient to have at our disposal
an algebrai framework for dealing with suh unbounded operators diretly, albeit in
a manner independent of representations. For suh, we present a reasonably detailed
study of *-algebras in Setion B.1, before we introdue C*-algebras or von Neumann
algebras, to show that several known results in the ontext of C*-algebras remain valid
or suer only minor tehnial modiations in the ontext of *-algebras. This allows
us to treat the ases of algebras of observables and of elds more or less in parallel.
For the latter, we'll present the formalism proposed by Wightman, Borhers and
Uhlmann in Setion B.3.
We limit ourselves to demonstrate results whose proof is simple from the analytial
viewpoint and at the same time instrutive, and those whih are required in the present
work in nonstandard form. Our main referenes for this Appendix are [BR87, BR97℄,
and we employ as auxiliary referenes [Mur90, SW00, Tak01, Tak03a℄. For funtional
analyti aspets, we adopt [RS80, Rud91℄.
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B.1 *-Algebras
This Setion is dediated to purely algebrai aspets. We shall begin by dening
the notion of *-algebra and some of its properties.
Definition B.1 An (assoiative) *-algebra is a vetor spae F over C, endowed with
an assoiative, distributive produt x, y 7→ xy whih ommute with salar multipli-
ation, and with an involution x 7→ x∗ whih satises x∗∗ = x, (xy)∗ = y∗x∗ and
(αx + βy)∗ = α¯x∗ + β¯y∗, for all x, y ∈ F, α, β ∈ C. We say that F is unital if there
exists an identity element 1 ∈ F suh that 1x = x1 = x, for all x ∈ F (in this ase, 1
is unique).
The entre of F is given by Z(F)
.
= {x ∈ F : [x, y] = 0, ∀y ∈ F}, where [x, y] .=
xy − yx denotes the ommutator of x and y. A *-algebra F is Abelian if Z(F) = F; at
the other extreme, we say that F is fatorial or primary if Z(F) = {0}. A *-subalgebra
G ⊂ F is a vetor subspae losed under produt and involution. Examples of *-
subalgebras of F are Z(F) and, more in general, the (relative) ommutant or normalizer
of a *-subalgebra G ⊂ F, given by G′ = {x ∈ F : [x, y] = 0, ∀y ∈ G}.
We an adjoin an identity 1 to a nonunital *-algebra F in the following way: let
F˜ = F ⊕ C1 ∋ (x, λ) with produt (x, λ)(y, µ) .= (xy + µx + λy, λµ) and involution
(x, λ)∗
.
= (x∗, λ¯). F is naturally identied with the *-subalgebra (F, 0), and we have
1 = (0, 1).
Let F, G be *-algebras. A *-morphism is a linear map π : F → G whih preserves
the produt and the involution. If π is respetively one-to-one, onto, bijetive, we say
that π is a *-monomorphism, *-epimorphism, *-isomorphism  we write F ∼= G if there
exists a *-isomorphism from F to G. If F = G, we say that π is a *-endomorphism, and
a *-automorphism if π, in this ase, is bijetive. A *-representation of F in a Hilbert
spae H 1 is a *-morphism π : F → B(H ). We say, then that π is faithful if π is a
*-monomorphism, and irreduible (abbreviated irrep) if the only subspaes of X invari-
ant under the ation of π(F) are {0} and X  by the Shur lemma, π is irreduible if
and only if {a ∈ B(X ) : [a, π(x)] = 0, ∀x ∈ F} = {0}.
A *-ideal of F is a subspae I ⊂ F invariant under ∗, suh that x ∈ F, y ∈ I implies
xy ∈ I. By *-invariane, it follows automatially that (x∗y∗)∗ = yx ∈ I. Notie that,
on the other hand, left ideals (not neessarily *-invariant) of F are not neessarily right
1
We demand a Hilbert spae struture to avoid worrying about the denition of involution in
End
C
H . A denition of *-representation by the latter's elements (i.e., without referene to the inner
produt) would involve having at our disposal a denition of involution, at least in the image of the
*-algebra in End
C
H .
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ideals, and vie-versa. F is simple if it doesn't possess nontrivial *-ideals (i.e., dierent
from {0} and F)  any nontrivial simple representation π of F simples is faithful, for
kerπ is a *-ideal of F.
Given a *-ideal I ⊂ F, the quotient *-algebra F/I of F modulo I has as elements
the osets [x] = x + I ⊂ F, where [x] = [y] if x − y ∈ I. For instane, if π : F → G
is a *-morphism, it follows that F/kerπ ∼= π(F) ⊂ G. The quotient possesses the
following universal property: given a *-algebra G and a *-morphism ρ : F → G
suh that kerρ ⊂ I , there exists a unique *-morphism [ρ] : F/I → G suh that
ρ(x) = [ρ]([x]) for all x ∈ F. A *-endomorphism π of F indues a *-endomorphism
[π] : F/I ∋ [x] 7→ π([x]) = π(x) + π(I ) if and only if I is invariant under π, i.e.,
π(I) ⊂ I. In partiular, [π] is an injetive *-endomorphism of F/I if and only if, in
addition, kerπ ⊂ I and π(I)supseteqqI.
We state below four fundamental theorems on *-algebras  the latter three are the
so-alled *-Isomorphism Theorems, analogous to the Isomorphism Theorems for rings
and modules (the inorporation of the operation of involution
∗
is immediate and an
be heked diretly).
Theorem B.1 (Fundamental Theorem of *-Morphisms) Let F and G be two
*-algebras, and ρ : F→ G a *-morphism. Then the indued *-morphism ρ˜ : F/Kerρ→
ρ(F) ⊂ G is a *-isomorphism.
Proof. Immediate. 
Theorem B.1 an be generalized, resulting in the
Theorem B.2 (First *-Isomorphism Theorem
2
) Let F and G two *-algebras,
and ρ : F→ G a *-epimorphism. Then, H 7→ ρ(H) establishes a one-to-one orrespon-
dene between the additive subgroups H ⊃ Kerρ of F and the additive subgroups of G.
Under this orrespondene, H is a *-subalgebra (resp. *-ideal) of F if and only if ρ(H)
is a *-subalgebra (resp.*-ideal) of G. Moreover, if I ⊃ Kerρ is a *-ideal, then the map
x+ I 7→ ρ(x) + ρ(I)
is a *-isomorphism of F/I onto G/ρ(I).
Proof. The rst assertion follows immediately from Theorem B.2. The re-
maining one is demonstrated in a manner analogous to the ase of rings  see the
proof of Theorem 2.6 of [Ja85℄, pages 107108. 
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Theorem B.3 (Seond *-Isomorphism Theorem) Let F be a *-algebra, G a *-
subalgebra of F, and I a *-ideal of F. Then G + I is a *-subalgebra of F, G ∩ I is a
*-ideal of G, I is a *-ideal of G+ I, and (G + I)/I ∼= G/(G ∩ I).
Proof. Analogous to the ase of rings  see [Ja85℄, page 108. 
Theorem B.4 (Third *-Isomorphism Theorem) Let F be a *-algebra, and I ⊂ J
two *-ideals of F. Then I is a *-ideal of J, and F/J ∼= (F/I)/(J/I).
Proof. Follows immediately from Theorem B.2. 
The demonstration of the analogs of Theorems B.2 and B.3 for rings onsist only in
the onstrution of the isomorphisms and expliit heking of the relevant properties.
Remark B.2 In the ase of topologial *-algebras, in partiular the examples to be
disussed throughout this Appendix, Theorems B.1 to B.4 not only at the algebrai level
but also at the topologial level, as far as one adds the adjetive losed (in the respetive
topologies) to the terms subgroup, *-subalgebra and *-ideal  the ontinuity of the
*-morphisms is automati in all ases, by virtue of the C* property of the (semi)norms
(see Denitions B.3 and B.8). In this ase, given a (semi)norm ‖.‖ in a *-algebra F,
the orresponding (semi)norm in the quotient *-algebra F/I, where I ⊂ F is a *-ideal,
is given by
F/I ∋ [x] 7→ ‖[x]‖ .= inf
y∈I
‖x+ y‖.
Completeness of this norm (or separating family of seminorms) an be heked diretly;
for the veriation of the C* property in the ase of C*-algebras, see Proposition 2.2.19
of [BR87℄.
A state ω over a unital *-algebra F is a positive linear funtional on F, i.e., ω(x∗x) ≥
0 for all x ∈ F, whih satises ω(1) = 1. 3 We say that ω is faithful if ω(x∗x) > 0 for
all x 6= 0 (the reason behind the name will emerge soon). The set of states over F is
onvex : if ω1 and ω2 are states, then λω1 + (1− λ)ω2 is as well, for all λ ∈ (0, 1). If ω
doesn't admit a deomposition ω = λω1 + (1 − λ)ω2 for ω1, ω2 6= ω, λ ∈ (0, 1), we say
that ω is pure (equivalently, ω is pure if it annot be written as the sum of two positive
linear funtionals φ1, φ2 /∈ R+ω). Otherwise, we say that ω is mixed. We denote the set
2
There seems to be no agreement in the literature on the oining First Isomorphism Theorem,
neither for rings and modules, nor for groups. Some authors attribute this name to the analog of
Theorem B.1, and others, to the analog of Theorem B.2, as we do here, for Theorem B.2 an be
understood, as said above, as a generalization of Theorem B.1, and more aordingly with the Seond
and Third (*-)Isomorphism Theorems.
3
If there is a topology in F at our disposal, we an dene the normalization ondition of a state
even in the absene of a unit.
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of all states over F by SF.
The positivity of ω leads to the following, ruial property:
Lemma B.5 (Cauhy-Shwarz inequality) Let φ be a positive linear funtional
over a (not neessarily unital) *-algebra F. Then, (i) φ(x∗y) = φ(y∗x) (in partiular,
if F is unital, φ(x∗) = φ(x)) and (ii) |φ(x∗y)|2 ≤ φ(x∗x)φ(y∗y), for all x, y ∈ F (in
partiular, if F is unital, |φ(x)|2 ≤ φ(1)φ(x∗x)).
Proof (sketh). For all λ ∈ C, we have φ((λx + y)∗(λx + y)) ≥ 0. By
linearity,
|λ|2φ(x∗x) + λ¯φ(x∗y) + λφ(y∗x) + φ(y∗y) ≥ 0.
The reality of the rst member of the inequality above implies (i), whene it
follows we an now take λ ∈ R. Choosing an appropriate interval for λ, one
proves (ii). 
With Lemma B.5 in our possession, we an easily build a representation of F by
densely dened linear operators in a Hilbert spae Hφ naturally assoiated to a
positive linear funtional φ. First, notie that the annihilator Annφ of φ, given by
Annφ = {x ∈ F : φ(x∗x) = 0}, is a left ideal of F. Indeed, Annφ is a vetor subspae
of F, due to the linearity of φ and Lemma B.5. Moreover, given x ∈ Annφ, y ∈ F,
we have φ((yx)∗yx)2 ≤ φ(x∗x)φ((x∗y∗y)(y∗yx)) = 0. Consider now the quotient spae
F/Annφ ∋ [x], [y], whih admits the salar produt given by 〈[x], [y]〉 .= φ(x∗y). Com-
pleting F/Annφ ∋ [x], [y] with respet to the norm ‖.‖ assoiated to 〈., .〉, we obtain
the Hilbert spae Hφ
.
= (F/Annφ)‖.‖.
Let us onsider the operator π˜φ(x) assoiated to x, dened in the dense linear sub-
spae F/Annφ by π˜φ(x)[y]
.
= [xy]. As the adjoint of π˜φ(x) is given by π˜φ(x)
∗↾F/Annφ =
π˜φ(x
∗) and both are densely dened, it follows that π˜φ(x) is losable [RS80℄, with lo-
sure πφ(x) = πφ(x)
∗∗ ⊂ πφ(x∗)∗ (reall that, given densely dened linear operators
A,B with respetive domains D(A), D(B), A ⊂ B denotes that B is an extension of
A, i.e., D(B) ⊃ D(A) and B ↾D(A) = A) Thus, πφ(x) = πφ(x) = πφ(x)∗∗ denes a
representation of F by densely dened, losed linear operators Hφ. The densely dened
antilinear operator given by S0 : [x] 7→ [x∗] will be ruial in the development of the
Tomita-Takesaki modular theory later on.
Notie that the representation πφ is faithful if and only if φ(x
∗x) > 0 for all x 6= 0.
If F is unital and ω is a state, then φω is faithful if and only if ω is faithful, justifying
the name we've given. For F unital, there is yet a speial element of Hω, given by
Ω = [1]. Obviously, ‖Ω‖ = 1 if ω is a state; more importantly, it follows that the
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set πω(F)Ω = F/Annφ is dense in Hω, i.e., Ω is a yli vetor for πω(F).
4
In this
ase, the representation built above, denoted by the triple (Hω, πω,Ω), is alled yli
or Wightman-GNS representation of F assoiated to the positive linear funtional
ω.5 πω is faithful if and only if Ω is not only yli but also separating for F, i.e.,
πω(x)Ω = 0 ⇒ x = 0.
TheWightman-GNS representation of a unital *-algebra F assoiated to a positive
linear funtional φ is unique in the following sense: let π be a representation of F by
densely dened, losed linear operators in a Hilbert spae H , suh that:
• There exists a domain D , ommon to all π(x)'s, dense in H and suh that
πFD ⊂ D ;
• Thee exists a vetor Φ′ ∈ D yli for π(F) suh that π(F)Φ′ = D and 〈Φ′, π(x)Φ′〉
= φ(x) for all x ∈ F.
We an then dene the linear operator U : F/Annφ → H by U [x] .= π(x)Φ′. U is
densely dened and satises 〈U [x], U [y]〉 = φ(x∗y) = 〈π(x)Φ′, π(y)Φ′〉 for all x, y ∈ F,
that is, U is an isometry. By the BLT Theorem [RS80℄, U extends uniquely to an
isometry U of Hφ into H , injetive and with dense range. Invoking one more the
BLT Theorem, we have that U is a bijetion, and its inverse U−1 = U∗ is also an
isometry. That is, the representations πφ and π are unitarily equivalent.
6
Another
important onsequene is that, if Φ = [1] is the yli vetor of πφ, then UΦ = Φ
′
. An
immediate onsequene of this fat, whih we an state as a Corollary, is:
Corollary B.6 If α is a *-automorphism of a unital *-algebra F and φ, a positive
linear funtional suh that φ ◦α = φ, then there exists a unique unitary operator Uα in
Hφ suh that πφ(α(x)) = Uπφ(x)U−1. 
That is, a suient ondition for a *-automorphism α to be unitarily implementable
in Hφ is that φ is invariant under the ation of α. This is the main mehanism of
implementation of symmetries in quantum theory. Finally, there is a lose relation
between the purity of ω and a weak ounterpart of the notion of irreduibility for πω:
4
In the ase of C*-algebras, it's possible to onstrut a yli vetor even in the absene of a unit
[Mur90℄.
5
GNS alls for the names of Gel'fand and Naimark [GN43℄ and Segal [Seg47℄, whih proposed
the onstrution above in the ase that F is a C*-algebra  see Setion B.2. Wightman's name omes
along as well for the onstrution above is the ore of its Theorem of reonstrution of quantum elds
from a hierarhy of k-point funtions [SW00℄. We shall have more to say about all this in Setion B.3.
6
In the ase that F is a C*-algebra, the uniqueness of the GNS representation, given by U , still
holds even if F doesn't have a unit, but in this ase the yli vetor πφ doesn't neessarily belongs to
F/Annφ, and we must analogously impose only that π(F)Φ′ ⊂ D is dense in H .
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Theorem B.7 Let ω be a state over a unital *-algebra F. Dene the weak ommutant
πω(F)
′
w
.
= {T ∈ B(Hω) : 〈T ∗[x], πω(y)[z]〉 = 〈πω(y∗)[x], T [z]〉, ∀x, y, z ∈ F}
of πω(F); πω(F)
′
w is a *-invariant linear subspae of B(Hω). Then πω(F)
′
w = C1 if and
only if ω is pure. Moreover, there exists a one-to-one orrespondene ωT ↔ T between
positive linear funtionals ωT satisfying ωT ≤ ω and positive elements T of piω(F)′w
satisfying ‖T‖ ≤ 1.
Proof. (⇒) Suppose that ω is mixed. Then there exists a positive linear
funtional ω′ suh that ω′(x∗x) ≤ ω(x∗x), for all x, and suh that ω′ is not a
multiple of ω. Applying the Cauhy-Shwarz inequality, we have |ω′(x∗y)|2 ≤
‖πω(x)Ω‖2‖πω(y)‖2. Hene, πω(x)Ω × πω(y)Ω 7→ ω′(x∗y) denes a densely de-
ned, bounded sesquilinear form on Hω. Thus, there exists a unique bounded
operator T in Hω suh that 〈πω(x)Ω, Tπω(y)Ω〉 = ω′(x∗y), and T is not a mul-
tiple of 1. Moreover, 0 ≤ 〈πω(x)Ω, Tπω(x)Ω〉 ≤ ‖πω(x)‖2 and thus 0 ≤ T ≤ 1.
However, in this ase,
〈πω(x)Ω, Tπω(y)πω(x)Ω〉 = ω′(x∗yz) = ω′((y∗x)∗z) = 〈πω(y∗)πω(x)Ω, Tπω(z)Ω〉
for all x, y, z ∈ F, proving that T is a nontrivial element of πω(F)′w.
(⇐) Suppose that T ∈ πω(F)′w, T /∈ C1. Then, T ∗ and, thus, T + T ∗ belong to
πω(F)
′
w, being the latter self-adjoint and nontrivial. Dene S
.
= λ(2‖T + T ∗‖1+
(T + T ∗)) ∈ πω(F)′w, where λ > 0 is hosen suh that ‖S‖ < 1. Then, 0 < S < 1,
and hene there exists a spetral projetor P of S suh that 0 < P < 1 and
P ∈ πω(F)′w. Consider the linear funtional ω′(x) = 〈PΩ, πω(x)Ω〉. ω′ is positive,
for
ω′(x∗x) = 〈PΩ, πω(x∗)πω(x)Ω〉 = 〈πω(x)Ω, Pπω(x)Ω〉 = 〈Pπω(x)Ω, πω(x)Ω〉 ≥ 0.
Finally,
ω(x∗x)− ω′(x∗x) = 〈πω(x)Ω, Pπω(x)Ω〉 ≥ 0,
showing that ω is mixed.
The nal assertion nal follows automatially from the arguments above. 
B.2 C*-algebras and von Neumann algebras
B.2.1 C*-algebras
Let's now give a suient ondition so as to make the losed linear operators πφ(x)
built by means of the Wightman-GNS representation in Setion B.1 bounded. If we
an nd for all x a C(x) > 0 suh that φ((xa)∗xa) ≤ C(x)2φ(a∗a) for all a ∈ F and
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any positive linear funtional φ (i.e., C doesn't depend on φ), it then follows that
‖πφ(x)[a]‖ ≤ C(x)‖[a]‖. Hene, by the BLT Theorem, πφ(x) admits a unique extension
to Hφ, and ‖πφ(x)Ψ‖ ≤ C(x)‖Ψ‖ for all Ψ ∈ Hφ. In this ase, πφ(x∗) = πφ(x)∗ and,
thus, πφ denes a *-representation of F by bounded operators in Hφ.
The most obvious manner of obtaining C as in the previous paragraph is to impose
a norm ‖.‖ in F suh that the produt and the involution of F are ontinuous with
respet to this norm, dening a normed *-algebra. In partiular, we an hoose a norm
equivalent to the original suh that ‖xy‖ ≤ ‖x‖‖y‖ and, hene, ‖1‖ = 1 if F is unital
(suh a property is assumed to hold throughout the whole of the present work). We'll
see that C(x)
.
= ‖x‖ satises the ondition in the previous paragraph if:
1. F is omplete with respet to ‖.‖ (then we say that F is a Banah *-algebra),
and
2. ‖x∗x‖ = ‖x‖2. In this ase, it follows that ‖x‖2, ‖x∗‖2 ≤ ‖x‖.‖x∗‖ and, thus,
‖x‖ = ‖x∗‖.
Definition B.3 A C*-algebra A is a Banah *-algebra whose norm satises the C*
ondition ‖x∗x‖ = ‖x‖2.7
A typial example of C*-algebra is the unital *-algebra B(H ) of bounded operators
in a omplex Hilbert spae H . Let's now ite two frequently used results, whih
moreover show the strength of Denition B.3.
Proposition B.8 Any *-morphism ρ from a unital Banah *-algebra B to a C*-
algebra C satises ‖ρ(x)‖ ≤ ‖x‖ for all x ∈ B. If B is a C*-algebra, then ρ(B) is a
C*-subalgebra of C, and ‖ρ(x)‖ = ‖x‖ for all x if and only if ρ is a *-monomorphism.
Proof. See Propositions 2.3.1 and 2.3.3 of [BR87℄. 
Proposition B.9 Any positive linear funtional φ over a C*-algebra A (not neessar-
ily unital) satises the following properties:
(i) φ(x∗) = φ(x);
(ii) |φ(x)|2 ≤ ‖φ‖φ(x∗x) (in partiular, ‖φ‖ = φ(1) if A is unital);
(iii) |φ(x∗yx)| ≤ φ(x∗x)‖y‖;
7
Atually, it's not neessary to impose the ondition ‖xy‖ ≤ ‖x‖‖y‖ or even ontinuity of the
produt and of the involution as axioms dening a C*-algebra. Araki and Elliott [AE73℄ showed
that the rst ondition, and, hene, the ondition ‖x‖ = ‖x∗‖ follow from the remaining axioms
(ompleteness of the norm, *-algebra struture and the C* ondition).
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(iv) ‖φ‖ = sup{φ(x∗x) : ‖x‖ = 1}.
Proof. See Proposition 2.3.11 of [BR87℄. 
It follows from Proposition B.9(iii) that φ((xy)∗xy) ≤ ‖x‖2φ(y∗y). Hene, C(x) =
‖x‖ satises the estimate in the rst paragraph of this Setion, and the GNS repre-
sentation πφ is, thus, a *-representation of A by elements of the C*-algebra B(Hφ).
The apparently partiular example of C*-algebra given by πφ(A), is atually the most
general possible, for Gel'fand and Naimark proved [GN43℄ that any C*-algebra is
*-isomorphi to a C*-subalgebra of B(H ) for some Hilbert spae H . More preisely,
the universal representation
Hu =
⊕
ω∈SA
Hω, πu =
⊕
ω∈SA
πω
is faithful, for one an prove [BR87℄ that, given x ∈ A , there exists a pure state ωx suh
that ωx(x
∗x) = ‖x‖2. As πωx in this ase is irreduible (see next paragraph), it follows
that πu has, among its irreduible subrepresentations, πωx for all x. Hene, πu(x) 6= 0
for all x 6= 0.
Finally, let us onsider the following lass of elements of a C*-algebra A. We say
that x ∈ A is positive if it's self-adjoint and its spetrum σ(x) satises σ(x) ⊂ R¯+, or,
equivalently, an be written as x = y∗y, y ∈ A.8 The positive elements of A form a
onvex one A+ whih satises A+ ∩ (−A+) = {0}, and any self-adjoint element x ∈ A
an be written as the orthogonal deomposition x = x+− x−, where x± = 12(x± |x|) ∈
A+, |x| =
√
x∗x and x+x− = 0. We an, thus, impose the following ordering ≤ to the
self-adjoint elements of A, given by x ≤ y ⇔ y − x ∈ A+. We see immediately that
A ≤ B and B ≤ A imply A = B, and, by the spetral radius formula [RS80, Rud91℄, it
follows that A+ ∋ x ≤ ‖x‖1. Hene, when we refer ourselves to inreasing or dereasing
subsets of A+ and to upper limits, suprema, lower limits or inma of subsets of A+,
it'll be always with respet to the ordering ≤ dened above.
B.2.2 von Neumann algebras
Let us now onsider a state ω over A. In this ase, the weak ommutant πω(A)
′
w is
a C*-algebra, and oinides with the ommutant πω(A)
′ .= {T ∈ B(Hω) : [T, πω(A)] .=
8
At rst sight, we ould dene positivity diretly in a *-algebra in Setion B.1 by employing
this ondition. We avoid this expliit terminology in this more general ase (exept, of ourse, in
the denition of positive linear funtionals and states over a *-algebra), for the Wightman-GNS
representation of of a positive element in this sense denes a symmetri and losed operator, but not
neessarily a self-adjoint one. Thus, the intuitive notion of positive operator as referring to the non
negativity of the spetrum is lost for *-algebras, whih ould lead to dangerous misunderstandings.
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Tπω(A) − πω(A)T = 0, ∀A ∈ A} of πω(A) in B(Hω). We an then strengthen the
onlusion of Theorem B.7: ω is pure if and only if πω is irreduible. Moreover, πω(A)
′
is a C*-algebra of quite a speial kind, for πω(A)
′ = (πω(A)
′)′′.
Definition B.4 Let R be a unital C*-algebra, onretely realized as a C*-subalgebra
of B(H ) for some Hilbert spae H . We say that A is a von Neumann algebra if
R = R′′.
We say that a primary von Neumann algebra R, i.e., Z(F)
.
= F ∩ F′ = C1, is
simply a fator. The Double Commutant Theorem of von Neumann tells us that
a nontrivial *-subalgebra R of B(H ) is von Neumann algebra if and only if R is
losed in the strong, weak and σ-weak (also alled ultraweak) topologies of B(H ).
The latter is given by the seminorms
∑∞
i=1 |〈Ψi, .Φi〉|, where {Ψi}i, {Φi}i ⊂ H satisfy∑∞
i=1 ‖Ψi‖2,
∑∞
i=1 ‖Φi‖2 < ∞. Moreover, given a C*-subalgebra A ∈ B(H ), we have
that A′′ is the losure of A in the strong, weak and σ-weak topologies. We ite tho
results about the latter topology:
Proposition B.10 Let R be a von Neumann algebra, and I a σ-weakly losed two-
sided ideal in R. Then I is a *-ideal, and there exists a projetion E ∈ Z(R) suh that
I = ER.
Proof. See Proposition 2.4.22 of [BR87℄. 
Theorem B.11 Given two von Neumann algebras R and S, a *-morphism from R
to S is neessarily σ-weakly ontinuous.
Proof. See Theorem 2.4.23 of [BR87℄. 
If A is a C*-subalgebra of B(H ), one sees that A is dense in A′′ in the strong, weak
and σ-weak topologies of B(H ).
Notie that, if an element T ∈ B(H ) ommutes with x = x∗ ∈ R, it ommutes
with all spetral projetions of x. Hene, this projetions belong to R. Employing the
deomposition of an element of B(H ) in a linear ombination of self-adjoint elements,
it follows that the linear hull of the projetions of R is strongly dense in R; making use
of the deomposition in a linear ombination of unitary elements [RS80℄, one an show
that x ∈ R if and only if the partial isometry u and the positive element |x| ourring
in the polar deomposition x = u|x| of x, as well as all spetral projetors of |x|, belong
to R [BR87℄. More in general, given a densely dened, losed linear operator T in
H , we say that T is aliated to R if R′D(T ) ⊆ D(T ) and Tx ⊇ xT for all x ∈ R′.
Equivalently, T is aliated to R if and only if the partial isometry U and the spetral
projetions of the positive operator |T | ourring in the polar deomposition T = U |T |
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of T belong to R.
Given a von Neumann algebra R, its predual R∗ onsists of the σ-weakly on-
tinuous linear funtionals on R. This is a Banah subspae of the dual R∗ of the
Banah spae R, and the latter oinides preisely with the dual (R∗)
∗
of R∗ [BR87℄.
The typial example if B(H ) (H separable), whose predual is given by the ideal of
trae lass operators L1(H ), and the dual pairing is given by the trae in H . We
have, in general, the following strutural result, due to Sakai:
Theorem B.12 (Sakai [Tak01℄) A C*-algebra A s *-isomorphi to a von Neumann
algebra if and only if it's the dual of some Banah spae. 
Due to Theorem B.12, it's ustomary to all suh abstrat von Neumann alge-
bras W*-algebras (W orresponds to weak, denoting losure in the weak topology),
but here we'll use both terms alternately when dealing with suh C*-algebras. We
see also that the topology most naturally assoiated to a von Neumann algebra is
the σ-weak topology, and it's this one we refer to when, for instane, we employ the
topologized version of Theorems B.1 to B.4 in the ontext of W*-algebras, aording
to Remark B.2. However, as one an see from Proposition 2.4.2 of [BR87℄, the prod-
ut operation is separately σ-weakly ontinuous in both variables, but it's not jointly
σ-weakly ontinuous is the W*-algebra in question is faithfully realized in an innite-
dimensional Hilbert spae.
Given a C*-algebra A and a state ω, we have a von Neumann algebra in Hω
naturally assoiated to this pair, given by πω(A)
′′
. More in general, it's possible to
show that the double dual A∗∗ of A is a C*-algebra *-isomorphi to πu(A)
′′
, alled
(universal) enveloping W*-algebra of A. This is the smallest W*-algebra ontaining
A, and is *-isomorphi to πω(A)
′′
if ω is faithful. A state ω over a von Neumann
algebra R in H is alled normal if there exists a trae lass element ρ ∈ B(H ) suh
that Tr(ρ) = 1 and ω(x) = Tr(ρx). Any state ω over a C*-algebra A admits a unique
normal extension to A∗∗, whih is faithful if and only if ω is [Tak01℄.
Normal states possess the following haraterization:
Theorem B.13 Let ω be a state over a von Neumann algebra R in the Hilbert
spae H. Then the following are equivalent:
(i) ω is normal;
(ii) ω is σ-weakly ontinuous;
(iii) Given any inreasing net {Aα} ⊂ R+ bounded from above, one has ω(supαAα) =
supα ω(Aα).
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Proof. See Theorem 2.4.21 of [BR87℄. 
A omment about the ondition (iii) of Theorem B.13 is in order. It's not ob-
vious that, given an inreasing net {Aα} ⊂ R+ bounded from above, there exists
supαAα ∈ R. That this is nevertheless true, it an be seen as follows: let Rα be the
losure of {Aβ : β > α} in the weak topology of B(H ). As the losed unit ball B(H )1
of the latter is weakly ompat,
9
it follows from the one struture of R+ that there
exists A ∈ ∩αRα. For all Aα, {B ∈ B(H )+ : B ≥ Aα} is σ-weakly losed and on-
tains Rα, hene A ≥ Aα for all α. Any element B majorizing {Aα} majorizes its weak
losure and, thus, B ≥ A. Hene, A = supαAα. Moreover, Aα → A in the σ-weak
topology, for the latter oinides with the weak topology in B(H )1 [BR87℄, thus estab-
lishing (ii)⇒(iii) in Theorem B.13. We say in general that a positive linear funtional φ
is a von Neumann algebra R is normal if it satises ondition (iii) in Theorem B.13.10
We onlude this Subsetion with the lassiation of von Neumann algebras
introdued by Murray and von Neumann: let
P(R)
.
= {E ∈ R : E = E∗ = E2}
the set of projetions of the von Neumann algebra R. P(R) has a partial order-
ing ≤ inherited from R+, and given any E, F ∈ P(R), there exists the omplement
E⊥
.
= 1−E of E, the inmum E ∧F .= s− limn→∞(EF )n (by s− lim it's understood
the limit in the strong topology of R) and the supremum E ∨ F .= (E⊥ ∧ F⊥)⊥ of E
and F with respet to the ordering ≤ 11  that is, (P(R),≤,∨,∧, ⊥) is an orthoom-
plemented lattie.
We introdue the following equivalene relation in P(R): given E, F ∈ P(R), we
say that E ∼ F if there exists W ∈ R suh that W ∗W = E and WW ∗ = F (i.e., W is
a partial isometry with soure E and target F ). We say yet that E is a subprojetion
9
Notie that any B(H ) is a von Neumann algebra and, as suh, it's the dual of a Banah spae
 the latter, in this ase, is formed by its trae lass elements [BR87℄. The assertion thus follows from
the Banah-Alaoglu theorem [RS80℄.
10
It was proved by Kadison [Tak01℄ that a C*-algebra A is a W*-algebra if and only if any
inreasing net {Aα} ⊂ A+ bounded from above has a supremum supα Aα ∈ A and the stated that
satisfy ondition (iii) in Theorem B.13 separate elements in A+, i.e., given 0 6= x ∈ A+, there exists a
normal state ω suh that ω(A) 6= 0.
11
Given a partially ordered set (S,≤), the inmum of x, y ∈ S is an element x ∧ y ∈ S suh that
x ∧ y ≤ x, y and z ≤ x, y ⇒ z ≤ x ∧ y, the supremum of x, y ∈ S is an element x ∨ y ∈ S suh that
x, y ≤ x ∨ y and x, y ≤ w ⇒ x ∨ y ≤ w, and a omplement operation is a bijetion ⊥ : S → S whih
satises (x⊥)⊥ = x, (x ∧ y)⊥ = x⊥ ∨ y⊥ and (x ∨ y)⊥ = x⊥ ∧ y⊥. If any pair x, y ∈ S possesses a
supremum and an inmum, we say that (S,≤,∨,∧) is a lattie  in partiular, any lattie is direted,
i.e., given x, y ∈ S, there exists z ≥ x, y. If, moreover, S has a omplement operation ⊥, then we say
that (S,≤,∨,∧,⊥) is an orthoomplemented lattie.
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of F if E ≤ F (E is proper if moreover E 6= F ), and dene the following order relation
in P(R)/ ∼∋ [E], [F ]: [E] 6= [F ] if E is equivalent to a subprojetion of F (the
denition learly doesn't depend on the hoie of representative). Employing a faithful
*-representation of R in a Hilbert spae H , it's easy to prove that E ≤ F if and only
if EF = E, justifying our terminology. Moreover, using the one-to-one orrespondene
E 7→ RanE whih exists between elements of P(B(H )) and losed linear subspaes
of H , we see that
dim RanE ≤ +∞ if and only if there is no 0 6= F  E suh that F ∼ E.
We an then dene abstratly that E ∈ P(R) is nite if it satises the ondition
above, whih obviously doesn't depend on the realization of R in H . We say otherwise
that E is innite.
Definition B.5 (Murray-von Neumann) Let R be a von Neumann algebra. A
funtion d : P(R)→ R¯+ ∪ {+∞} is said to be a dimensional funtions if d(E) = 0⇒
E = 0, E ∼ F ⇒ d(E) = d(F ) and E ≤ F⊥ ⇒ d(E ∨ F ) = d(E + F ) = d(E) + d(F )
 suh properties determine d up to a multiple λ ∈ R r {0}, and d(E) < +∞ if and
only if E is nite. We say that R is nite if d(1) < +∞, and innite otherwise. R is
seminite if any E ∈ P(R) possesses a nite subprojetion F 6= 0, and purely innite
if any E ∈ P(R) is innite.
If R is a fator, we say that R is:
• Type In if Rand = λ{0, 1, . . . , n}, n = 0, . . . ,+∞ (equivalently, R is type I if it
has a minimal projetion E 6= 0, i.e., F 6= E ⇒ F = E). R is nite if and only
if n < +∞;
• Type II if it's seminite, but not type I. R is, then, type II1 if Rand = λ[0, 1]
(equivalently, if R is nite) and type II∞ if Rand = R¯+ ∪ {+∞};
• Type III if it's purely innite, i.e., Rand = {0,+∞}.
Several of the more advaned results about von Neumann algebras make use of the
onept of weight, whih generalizes the onept of positive linear funtional. Given
a W*-algebra R, a weight in R is a funtion ω : R+ → R¯+ ∪ {+∞} (where we set
0. +∞ = 0) whih satises (i) ω(A) + ω(B) = ω(A + B) and (ii) ω(αA) = αω(A),
for all A,B ∈ R+, α ∈ R¯+. A weight τ is said to be traial (or simply a trae)
if ω(A∗A) = ω(AA∗), for all A. Writing Rω+
.
= {A ∈ R+ : ω(A) < +∞} and
Lω
.
= {A ∈ R : ω(A∗A) < +∞}, we have immediately that Rω+ is an hereditary one
in R+, i.e., 0 ≤ A ≤ B ∈ Rω+ ⇒ A ∈ Rω+, and Rω .= span
C
Rω+ = L
∗
ωLω. Hene, the
weight ω extends by linearity to a positive linear funtional in the *-algebra Rω  in
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partiular, if ω is a trae, then ω(AB) = ω(BA) for all A,B ∈ Rω. We say that a weight
ω is normal if it satises ondition (iii) of Theorem B.13, faithful if ω↾Rω is faithful, and
seminite if Rω is σ-weakly dense in R. It's possible to prove that any von Neumann
algebra R admits a normal, faithful seminite weight, and that R is seminite if and
only if it admits a normal, faithful seminite trae τ [Tak01, Tak03a℄  the reiproal of
the last assertion is immediate, for if E is a projetion inRτ , then E is neessarily nite.
σ-nite von Neumann algebras R, i.e., suh that any mutually orthogonal sub-
set S ∈ P(R) (i.e., whih satises E ≤ F⊥ for all E, F ∈ S) is ountable, an be
deomposed in a diret integral of fators, in terms of the set of entral projetions
Z(R) ∩P(R). R is σ-nite if and only if it admits a normal, faithful state ω [BR87℄.
Thus, one an say that, for suh algebras, the lassiation task is redued to the
lassiation of fators. A renement of the lassiation given by Denition B.5, for
type-III fators, will be presented suintly at the end of Setion B.2.3.
B.2.3 Tomita-Takesaki modular theory
We're now in a position to disuss a struture typial of von Neumann algebras,
extremely useful and powerful. Consider a C*-algebra A and a faithful state ω. We
then identify the enveloping W*-algebra A∗∗ = πω(A)
′′ .= R in the Hilbert spae
Hω
.
= H , whih possesses, on its turn, a yli and separating vetor Ω. Let's now
dene the densely dened antilinear operators S0 (already mentioned en passant in
Setion B.1) and F0 as
D(S0) = RΩ, S0AΩ
.
= A∗Ω; D(F0) = R
′Ω, S0A
′Ω
.
= A′∗Ω
(F0 is densely dened, for a vetor Φ is yli for a von Neumann algebra S if and
only if it's separating for S′). It follows that S0 ⊆ F ∗0 and F0 ⊆ S∗0 , and, thus, S0 as
well as F0 are losable. One an yet prove that [BR87℄
(B.1) F ∗0 = S¯0
.
= S and S∗0 = F¯0
.
= F.
Definition B.6 Let J be the anti-unitary operator (i.e., J is antilinear, invertible and
suh that 〈JΦ, JΨ〉 = 〈Φ,Ψ〉 = 〈Ψ,Φ〉 for all Φ,Ψ ∈ H ) and ∆ the positive operator
of the polar deomposition S = J∆
1
2
of S. We say that ∆ is the modular operator, and
J , the modular onjugation, assoiated to (R,Ω).
The name has its origin in harmoni analysis: when we dene the involution of
the onvolution *-algebra of ompatly supported ontinuous funtions on a loally
ompat topologial group, we need to introdue the Radon-Nikódym derivative of
the right-invariant Haar measure with respet to the left-invariant Haar measure,
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alled modular funtion (this funtion is equal to 1 for Abelian or ompat groups). It
follows from (B.1) that
(B.2)
∆ = FS, ∆−1 = SF, F = J∆−
1
2 , J = J∗ (and, hene, J2 = 1) and ∆−
1
2 = J∆
1
2J.
The most important result involving J and ∆ is the
Theorem B.14 (Tomita-Takesaki [BR87, Tak03a℄) Let R be a von Neumann al-
gebra in H with yli and separating vetor Ω, and ∆ and J respetively the modular
operator and the modular onjugation assoiated to (R,Ω). Then,
JRJ = R′ and ∆itR∆−it = R, ∀t ∈ R.

In partiular, t 7→ ∆it denes a strongly ontinuous, one-parameter groups of unitary
operators in H , with generator log∆, dened by the spetral theorem, whih, by
Theorem B.14, implements a σ-weakly ontinuous group of *-automorphisms of R and
of R′ (in the latter, the sign of t is hanged), alled modular group. For R = πω(A)
′′
,
where A is a C*-algebra, and Ω the yli and separating GNS vetor assoiated to a
state ω, we write, then, for eah x ∈ A:
j(x)
.
= π−1ω (Jπω(x)J), and(B.3)
σωt (x)
.
= π−1ω (∆
itπω(x)∆
−it).(B.4)
Notie that the formulae (B.3) and (B.4) assume values in A∗∗, i.e., π−1ω denotes, in
a slight but innouous abuse of notation, its unique σ-weakly ontinuous extension to
πω(A)
′′
. A formula of the highest importane whih follows from the denition of the
modular objets is:
〈∆ 12πω(x)Ω,∆ 12πω(y)Ω〉 = 〈Jπω(x∗)Ω, Jπω(y∗)Ω〉 = 〈πω(y∗)Ω, πω(x∗)Ω〉
⇓
ω(σωi/2(x)σ
ω
−i/2(y)) = ω(yx).(B.5)
The Tomita-Takesaki modular theory an be extended to arbitrary von Neu-
mann algebras if we employ a normal, faithful seminite weight instead of a normal,
faithful state. The proofs, however, are onsiderably more ompliated.
Finally, there is a rigid relation between the modular groups assoiated to two nor-
mal, faithful states (or, more in general, seminite weights) φ, ω over a von Neumann
algebra R, given by the
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Theorem B.15 (Connes) There exists a one-parameter family t 7→ Γt .= (Dφ : Dω)t
of unitary elements of R whih satises σφt (A) = Γtσ
ω
t (A)Γ
∗
t and the oyle relation
Γt+s = Γtσ
ω
t (Γs). In partiular, if φ = ω(U.U
∗), where U ∈ R is a unitary element,
then neessarily Γt = U
∗σωt (U).
Proof. See Theorem 2.7.16 of [BR87℄ and Theorem 5.3.34 of [BR97℄. 
The expression S(φ|ω) .= d
dt
ω((Dφ : Dω)t)↾t=+0 also denes the relative entropy of
φ with respet to ω [Ara76, BR97, OP93℄. The oyles dened in Theorem B.15 are of
fundamental importane in the lassiation of type-III fators performed by Connes
[BR87, Tak03a℄. Let R be a fator (σ-nite, for simpliity), and R ∋ u 7→ αg a one-
parameter, σ-weakly ontinuous group of *-automorphisms ofR, so that it's meaningful
to talk about the σ-weak integral
L1(R) ∋ f 7→ αf(A) .=
∫
f(t)αt(A)dt, A ∈ R.
That is, the funtional R∗ ∋ φ 7→ φ(αf(A)) .=
∫
f(t)φ(αt(A))dt denes an element of
(R∗)
∗ = R for eah A ∈ R, f ∈ L1(R). Dene the xed-point subalgebra Rα .= {A ∈
R : αt(A) = A, ∀t ∈ R}. The Arveson spetrum of α. is given by the intersetion of
the supports of the R-valued tempered distributions f 7→ αf(A) through A ∈ R, or,
equivalently,
σ(α)
.
= Rr
⋃
{U ⊂ R open: αf (A) = 0, ∀A ∈ R, f ∈ L1(R), suppf ⊂ U},
and the Connes spetrum is given by
Γ(α)
.
=
⋂
E∈P(R)∩Rα
σ(α↾RE).
Let's now onsider the modular group α. = σ
ω
. assoiated to the normal, faithful state
ω. As the spetrum of a self-adjoint operator is invariant under the adjoint ation of
a unitary operator [RS80℄, it follows from Theorem B.15 that Γ(R)
.
= Γ(σω) doesn't
depend on ω. One an yet prove [BR87, Tak03a℄ that expΓ(R) = S(R) r {0} is a
multipliative subgroup of R+, where S(R) =
⋂
ω∈R∗,Annω={0}
σ(∆ω) and ∆ω is the
Tomita-Takesaki modular operator assoiated to ω, and that Γ(R) = {0} if and
only if R is seminite. Hene it follows that the remaining possibilities for S(R) by
virtue of its multipliative struture
• S(R) = {0, 1};
• S(R) = {0} ∪ {λn : n ∈ Z}, λ ∈ (0, 1);
• S(R) = R¯+,
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an only be realized for R type III.
Definition B.7 (Connes) We say that R is type III0 if S(R) = {0, 1}, type IIIλ,
λ ∈ (0, 1), if S(R) = {0} ∪ {λn : n ∈ Z}, λ ∈ (0, 1), and type III1 if S(R) = R¯+.
Of partiular interest in Quantum Field Theory are the hypernite fators (a von
Neumann algebra R is hypernite or injetive if it's generated by the union of a
sequene of matrix algebras of inreasing dimension) of type III1. These typially
appear as thermodynami limits of loal algebras assoiated to a net of loal observables,
suh as the Araki-Woods fator, given by the thermodynami limit of algebras of
observables of spin systems at nite temperature [BR97℄. It was proven by Haagerup,
ompleting former partial results of Connes, that the Araki-Woods fator is the
unique hypernite, type-III1 fator up to *-isomorphism [Tak03b℄. We nalize this
Setion with two useful riteria to determine if R is type III.
Theorem B.16 Given a normal, faithful state ω, R is type III if and only if σω. ↾RE is
not a group of internal automorphisms (i.e., there is no σ-weakly ontinuous group R ∋
t 7→ Ut of unitaries of R suh that σωt (.) = U∗t .Ut, ∀t ∈ R) for any E ∈ P(R) ∩ Z(R).
Proof. See Theorem 2.7.17 of [BR87℄ and the disussion preeding Theorem
5.3.35 of [BR97℄. 
The seond riterion is due to Driessler [Dri77℄:
Theorem B.17 ([Dri77℄) Let H be a separable Hilbert spae, R a von Neumann
subalgebra of B(H ) and Ω a yli and separating for R. Suppose there exists an in-
nite von Neumann subalgebra R1 ⊂ R and {αn}n∈Z+ a sequene of *-automorphisms
of B(H ) satisfying:
1. αn(R1) ⊂ R1, for all n;
2. w − limn→∞ αn(A1) = ω(A1)1, for all A1 ∈ R1, 0 6≡ ω ∈ R1∗;
3. s− limn→∞[A, αn(A1)] = {0}, for all A ∈ R, A1 ∈ R1.
Then R is type III.
Proof. Suppose that P 6= 0 is a nite projetion. In this ase, PRP is
nite and, as we've seen at the end of Subsetion B.2.2, possesses a normal,
faithful seminite weight τ . As PΩ is yli and separating for PRP in PH , it
follows from the analog of Theorem 2.5.31 in [BR87℄ for weights [Tak03a℄ that τ
is implemented by a single traial vetor ξ ∈ PH . We obtain, then, that
lim
n
〈ξ, αn(A)Pαn(B)ξ〉 3.)= lim
n
〈ξ, αn(AB)ξ〉 2.)= 〈ξ,ABξ〉 = 〈ξ,BAξ〉.
The limit above thus denes a normal, faithful and nite trae τ1 in M1, i.e.,
τ1(A) < +∞ for all A ∈ R1, implying that R1 is nite, whih is absurd. 
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B.2.4 C*- e W*-dynamial systems. KMS ondition
We shall now arrive at a physial interpretation for the formula (B.5). First, notie
that, given A ∈ R, the σ-weak integrals
(B.6) An =
√
n
π
∫
σωt (A)e
−nt2dt, n ∈ Z+(
i.e., φ(An) =
√
n
π
∫
φ(σωt (A))e
−nt2dt for all φ ∈ F∗
)
dene uniquely a sequene of elements (An) whih σ-weakly onverge to A (see Propo-
sition 2.5.18 of [BR87℄), and suh that eah An is an analyti element for σ
ω
t , i.e., there
exists λ > 0 and a funtion fAn : R+ i(−λ, λ)→ R suh that f(t) = σωt (A) for all t ∈ R
and z 7→ φ(f(z)) is analyti in R + i(−λ, λ) for all φ ∈ R∗. Hene, σωt has a σ-weakly
dense set of analyti elements B in R. For suh, we write fB(z) = σ
ω
z (B).
Let's return to (B.5). Choosing A = 1 and B an analyti element of R in the strip
R + i(−1/2, 1/2) (this an always be obtained by an appropriate resaling of fB), we
have that the funtion F (z) = ω(σωz+i/2(B)) is ontinuous and bounded in R+ i[−1, 0],
analyti in R + i(−1, 0), and periodi with period 1 in ℑz, due to (B.5). Thus, F ad-
mits a bounded analyti extension to all C (inlusive in R+ iZ, by Shwarz's reetion
priniple). Hene, by the Liouville theorem, F must be onstant, i.e., F (z) = ω(B)
for all z ∈ C, in partiular for z = t ∈ R. Sine the analyti elements are dense in R,
it follows that ω is invariant under σωt .
More in general, given A,B ∈ R, we an hoose sequenes (An), (Bn) suh that
‖An‖ ≤ ‖A‖, ‖Bn‖ ≤ ‖B‖ and A(∗)n Ω→ A(∗)Ω, B(∗)n Ω→ B(∗)Ω (this is always possible
by Kaplansky's density theorem  see [BR87℄, Theorem 2.4.16). In this ase, it
follows from (B.5) and Phragmén-Lindelöf's Three Line Theorem (see Theorem
6.4 in [Lan99℄) that ω(AnfBn(z)) onverges uniformly in R+ i[−1/2, 1/2] to a funtion
F ′A,B, ontinuous and bounded in R+ i[−1/2, 1/2] and analyti in R+ i(−1/2, 1/2) (see
Proposition 5.3.7 in [BR97℄ for a more detailed proof), suh that, for all t ∈ R,
(B.7) F ′A,B(t+ i/2) = ω(Aσ
ω
t (B)) and F
′
A,B(t− i/2) = ω(σωt (B)A).
We an reast the assertion above in in the following form: let f ∈ S (R) suh
that fˆ ∈ C∞c (R). In this ase, there exists R > 0 suh that suppfˆ ⊂ [−R,R] and,
hene, by the Paley-Wiener theorem [Hör90℄, f is an entire funtion whih satises
|f(x+ iy)| = O(x−∞eR|y|) for all x, y ∈ R (indeed, this Theorem also tells us that this
estimate ompletely haraterizes the f 's whih satisfy the hypothesis above). We an
then rewrite (B.7) as
(B.8)
∫
f(t+ i/2)ω(Aσωt (B))dt =
∫
f(t− i/2)ω(σωt (B)A)dt, ∀f : fˆ ∈ C∞c (R).
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Definition B.8 Let A be a C*-algebra and R ∋ t 7→ αt a one-parameter group of *-
automorphisms of A, whih we assume strongly ontinuous for simpliity, i.e., ‖αt(x)−
x‖ t→0−→ 0 for all x ∈ A. The pair (A, αt) is said to be a C*-dynamial system. If A is
a von Neumann algebra and α is, instead, σ-weakly ontinuous, we say that the pair
(A, αt) is a W*-dynamial system.
Notie that, if A is a C*-subalgebra of B(H ) for some H , the C*-dynamial system
(A, αt) extends uniquely to the W*-dynamial system (A
′′, αt), due to Theorem B.11.
Definition B.9 Let (A, αt) be a C*- (resp. W*-)dynamial system, β ∈ R ∪ {±∞}.
A (resp. normal) state ω over A is said to be a (α, β)-KMS state if it satises the
ondition of Kubo, Martin and Shwinger: given x, y ∈ A, there exists a funtion
Fx,y, ontinuous and bounded inR + (sgnβ)i[0, |β|] and analyti in R + (sgnβ)i(0, |β|),
suh that
Fx,y(t) = ω(xαt(y)) and Fx,y(t + iβ) = ω(αt(y)x).
In the ase β = 0, ω satises ω(xy) = ω(yx) for all x, y; then we say that ω is a traial
state. In the ase β = +∞, we say that ω is a ground state.
It follows from onsiderations similar to the ones made for the modular group that
a (α, β)-KMS state ω is invariant under αt, and, by the uniqueness of the GNS rep-
resentation, there exists a unique implementation of αt by unitary operators Uα(t) in
Hω. A onsequene of this is that the (unique) normal extension of a (α, β)-KMS state
over A to A∗∗ is also a (α, β)-KMS state for the W*-dynamial system (A∗∗, αt), where
αt denotes its σ-weakly ontinuous extension.
The importane of this onept owes to the fat that the KMS ondition hara-
terizes thermodynami equilibrium of the state ω at temperature T = (kBβ)
−1
, where
kB is the Boltzmann onstant. Indeed, in quantum systems with a nite number of
degrees of freedom, the KMS ondition haraterizes the Gibbs states ωβ =
Tr(e−βH .)
Tr(e−βH )
,
where H is the Hamiltonian operator whih generates αt. The KMS ondition, how-
ever, survives the thermodynami limit, whih doesn't happen to the haraterization
of equilibrium based upon Gibbs states. Its original formulation, given by Kubo,
Martin and Shwinger, was based upon Green funtions assoiated to reation
and annihilation operators, being later rephrased for C*-dynamial systems in the ver-
sion given by Denition B.9 by Haag, Hugenholtz and Winnink [HHW67℄.
Equivalently, by the onsiderations above, ω is a (α, β)-KMS state if and only if,
for all f suh that fˆ ∈ C∞c (R),
(B.9)
∫
f(t)ω(xαt(y))dt =
∫
f(t+ iβ)ω(αt(y)x)dt, ∀x, y ∈ A.
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The ase β = +∞ is illuminated by the following onsideration: the left hand side
of (B.9) is nothing more than the distributional Fourier transform of ω(xαt(y)). If
suppfˆ ⊂ R−, it follows that f(t+ iβ) deays exponentially as β → +∞, and, thus, the
right hand side of (B.9) tends to zero in this limit. Hene, we onlude that the support
of the distributional Fourier transform of πω(αt(x))Ω is ontained in R¯+, justifying
the name ground state for ω.
For 0 < β < +∞, a (α, β)-KMS state ω satises the following utuation-dis-
sipation relation: ω(x∗αt(x)) and ω(αt(x)x
∗) are positive distributions; by the Boh-
ner-Shwartz theorem [RS75℄, the distributional Fourier transforms
µˆx(fˆ)
.
=
∫
f(t)ω(x∗αt(x))dt, νˆx(fˆ)
.
=
∫
f(t)ω(αt(x)x
∗)dt
dene Radon measures over R. A manner of seeing this is to use the spetral deompo-
sition of the unitary operators Uα(t) whih implement αt. We an, then, see that µˆx and
νˆx are absolutely ontinuous one with respet to the other, and the Radon-Nikódym
derivative of µˆx with respet to νˆx is given by
(B.10)
dµˆx
dνˆx
(p) = e−βp, or, formally, dµˆx(p) = e
−βpdνˆx(p).
If we onsider the signed measures δˆx,y and φˆx,y given respetively by the Fourier
transforms of ω([x, αt(y)]) and ω({x, αt(y)}) ({a, b} .= ab+ ba denotes the antiommu-
tator of a, b ∈ A), we have
(B.11) dδˆx,y(p) = tanh
(
βp
2
)
dφˆx,y(p),
whih is preisely the utuation-dissipation relation whih haraterizes the KMS on-
dition, relating bounded perturbations of the dynamis to utuations of measurements
of observables along time. Other relations, equivalent to (B.10) and (B.11) an be anal-
ogously obtained among other Green funtions assoiates to ω(x∗αt(y)).
Finally, we see that any normal, faithful state ω over a von Neumann algebra R
is a (σω−βt, β)-KMS state.
12
This example, in a ertain sense, is the most general ase
possible: onversely, given a (α, β)-KMS state ω over a C*-algebra A, it follows that
Lemma B.18 Ω is separating for πω(A)
′′
.
12
Amusingly, the work of Haag, Hugenholtz and Winnink [HHW67℄ preeded by little the
original, unpublished work of Tomita [Tom67℄, and, in a way, motivated the ineption of modular
theory, as it an be seen by the pioneering exposition of Takesaki [Tak70℄.
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Proof. First, notie that, if A is a C*-subalgebra of B(H ) for some Hilbert
spae H and ω = 〈Ω, .Ω〉 is a state over A suh that Ω is yli for A and Annω
is *-invariant, then Ω is separating for A: given x suh that ω(x∗x) = 0, we have
yxΩ = 0 for all y ∈ A. However, in this ase, (yx)∗Ω = x∗y∗Ω = 0. By the
yliity of Ω, it follows that x = 0. Returning to our hypotheses, onsider now
the C*-subalgebra R = πω(A)
′′
of B(Hω). Obviously, Ω is yli for R. Taking
A ∈ R suh that ω(A∗A) = 0, onsider the funtion FA∗,A(z) as in Denition B.9.
Then, FA∗,A(t) = ω(A
∗αt(A)) = 〈AΩ, Uα(t)AΩ〉 = 0. By the Edge-of-the-Wedge
Theorem [SW00℄, it follows that FA∗,A(z) = 0 for z ∈ R + i[0, β]. But, in this
ase, FA∗,A(iβ) = ω(AA
∗) = 0. Hene, by the argument above, A = 0. 
Consider now the following situation: given a W*-dynamial system (R, αt) and
a normal, (α, β)-KMS state, it follows from Lemma B.18 that ω is faithful in πω(R).
However, Annω is then a σ-weakly losed two-sided ideal. Invoking Proposition B.10,
there exists a projetion E ∈ R∩R′ suh that Annω = (1−E)R. Hene, ω(1−E) = {0}
and ω is faithful in RE. Moreover,
ω(AE) = ω(A) = 〈Ω, πω(A)Ω〉.
We onlude this Subsetion with the following, surprising result of Takesaki, whih
follows form the modular theory presented in Subsetion B.2.3:
Theorem B.19 (Takesaki [BR97, Tak03a℄) Let R be a von Neumann algebra and
ω a normal state over R. Then the following are equivalent:
1. ω is faithful in πω(R), i.e., there exists a projetion E ∈ R ∩R′ suh that ω(1−
E) = 0 and ω↾RE is faithful.
2. There exists a σ-weakly ontinuous group αt of *-automorphisms of R suh that
ω is a KMS state for the W*-dynamial system (R, αt).
Moreover, if the onditions above are satised, it follows that αt(E) = E, and αt↾RE
oinides with the modular group of RE assoiated to ω. In partiular, αt↾RE is uniquely
determined by ω.
Proof. See Theorem 5.3.10 in [BR97℄. 
B.3 Loally onvex *-algebras and
Borhers-Uhlmann algebras
We reall, following [Rud91℄ and [RS80℄, that a topologial vetor spae (always
here assumed Hausdorff) X (always over C, unless otherwise stated) is loally on-
vex if it admits a fundamental system of open neighbourhoods V = {Vα ∋ 0}α∈I suh
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that eah of these neighbourhoods is onvex, i.e., tx + (1 − t)y ∈ Vα for all x, y ∈ Vα,
t ∈ (0, 1). Equivalently, a topologial vetor spae is loally onvex if it admits a family
{‖.‖β}β∈J of seminorms (i.e., maps ‖.‖α : X → R¯+ whih satisfy the same properties
of a norm, exept possibly for ‖x‖ = 0 ⇒ x = 0) whih separates points in X , i.e.,
given x 6= y ∈ X , there exists β ∈ J suh that ‖x‖β 6= ‖y‖β. A system of onvex
open neighbourhoods of the origin orresponding to this family of seminorms is given,
for instane, by Vβ1,...,βk,n = {x ∈ X : ‖x‖βi < n−1i , ∀i = 1, . . . , k, ni ∈ Z+}. Con-
versely, notie that any loally onvex vetor spae admits a fundamental system of
open, onvex and balaned neighbourhoods (i.e., eitVα = Vα, for all t ∈ [0, 2π)). Den-
ing ‖x‖β .= inf{t > 0 : t−1x ∈ Vβ}, it follows from the ontinuity of salar multipliation
and the fat that Vβ is balaned that ‖.‖β denes a ontinuous seminorm  notie that
‖Vβ‖β ⊂ [0, 1), for Vβ is open. Moreover, the family {‖.‖β}β∈J of seminorms separates
points in X , sine for eah x 6= 0 there exists β suh that x /∈ Vβ and, in partiular,
‖x‖β ≥ 1.
Our representative example of a loally onvex topologial vetor spae will be
D(O) = C∞c (O), O ⊂ Rd open, whose loally onvex topology is dened in the following
way: this spae is given by the union of subspaes
∞⋃
n=1
DKn(O),
where DKn(O)
.
= {f ∈ D(O) : suppf ⊂ Kn} has a loally onvex topology given by
the seminorms
‖f‖k,Kn =
∑
|α|≤k
sup
Kn
|∂(α)f |,
and Kn = K¯n ⋐ O satises Kn ⋐ Kn+1 and∪nKn = O (i.e., the olletion {Kn}n∈Z+
is an exhaustion of O), implying DKn(O) ⊆ DKn+1(O) in a way that the topology of
DKn(O) is learly indued by the topology of DKn+1(O). The topology of D(O) is
the nest topology suh that the inlusions DKn(O) →֒ D(O) are ontinuous for all n,
alled indutive limit of (the topologies of) the olletion (DKn(O))n∈Z+.
A separating olletion of seminorms whih denes the topology of an indutive
limit is not (notie!) neessarily ountable, though the olletion of seminorms given
above is (i.e., the latter is not always suient to generate the topology of an indutive
limit). If, however, O is replaed by K ompat and/or the support requirements are
abandoned, we enumerate the family of seminorms given above as ‖.‖k, k = 1, 2, ....
Dening
d(x, y)
.
=
∞∑
k=1
‖x− y‖k
2k(1 + ‖x− y‖k) ,
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we have that d(., .) denes a translation-invariant metri whih generates the topology
of the spae. We have, nevertheless, that C∞(c)(O) and C
∞
(c)(K) are sequentially omplete,
i.e., any Cauhy sequene (for general topologial vetor spaes, a sequene (xn) is
said to be Cauhy if, for any neighbourhood V of the origin, there exists N ∈ Z+ suh
that xn − xm ∈ V for all n,m > N) onverges. In partiular, C∞(O) and C∞(c)(K) are
omplete metri spaes (Fréhet spaes). The topology of the respetive topologial
distribution duals is equivalent to the topology of pointwise onvergene of sequenes,
being that this topology is also sequentially omplete.
We an now give the
Definition B.10 A loally onvex *-algebra is a *-algebra F whih, as a vetor spae,
is loally onvex, and suh that the operations of produt and involution are ontinuous
in this topology. We demand that the seminorms ‖.‖α of F satisfy the C* property, i.e.,
‖x∗x‖α = ‖x‖2α, for all α.
Let's now build the example whih interests us the most, the Borhers-Uhlmann
algebra [Bor62, Uhl62, Bor65℄. The spae D(O) is nulear : there exists a unique lo-
ally onvex topology in the algebrai tensor produt D(O) ⊗ D(O) ⊂ D(O × O)
whih extends the topology of D(O). The Cauhy ompletion of D(O) ⊗ D(O) in
this topology is preisely D(O × O). Dually, the Kernel Theorem of L. Shwartz
[Hör90℄ asserts that to any ontinuous linear map K : D(O) → D ′(O) orresponds a
unique u ∈ D ′(O ×O) suh that (Kφ)(ψ) = u(φ⊗ ψ).
Definition B.11 The Borhers-Uhlmann algebra assoiated to O is the unital,
loally onvex *-algebra F(O) given by
F(O)
.
=
∞∑
k=0
⊗kC∞c (O),
where ⊗0C∞c (O) = C1 denotes the adjuntion of the unit 1. More preisely, it's the
Z¯+-graded algebra omposed of elements f = (f(0), f(1), . . .), where f(k) ∈ ⊗kC∞c (O) and
f(k) = 0 exept for a nite set of values of k. The algebrai operations are given by:
• αf + βg = (αf(0) + βg(0), αf(1) + βg(1), . . . , );
• fg = f ⊗ g = (f(0)g(0), f(1)g(0) + f(0)g(1), . . . ,
∑
i+j=k f(i) ⊗ g(j), . . .);
• f ∗ = (f ∗(0), f ∗(1), . . .), where f ∗(0) = f(0) and, for f(k) = f 1(k)(x1) · · · fk(k)(xk), xi ∈ O,
i = 1, . . . , k, we dene f ∗(k) = f
k
(k)(x1) · · · f 1(k)(xk), extending the operation to
⊗kC∞c (O) by linearity.
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The seminorms of F(O) are the ones inherited from C∞c (O). It follows immediately
from the Leibniz rule that these seminorms satisfy the C* property.
A state ω over F(O) is given by a hierarhy of distributions ωn ∈ D ′(On), ω0(f(0)1) =
f(0), subjet to the requirement of positivity :
∑k
n,m=0 ωn+m(f
∗
(n) ⊗ f(m)) ≥ 0, ∀f(n) ∈
⊗nC∞c (O), n = 0, . . . , k, k ∈ Z¯+. Notie that positivity is enough to guarantee the
weak ontinuity of ωn, and, indeed, a good deal of regularity is guaranteed a priori for
ωn. One demands diretly that the ωn's dene distributions to inlude the possibility of
ω not being a positive funtional (a situation in whih this ours is the ase of gauge
elds).
The Wightman-GNS representation of F(O) assoiated to ω produes a distribu-
tion φ in C∞c (O) with values in the set of losed linear operators (densely) dened in
F(O)/Annω ⊂ Hω. φ satises the hermitiity ondition φ(f¯)∗ = φ(f).
Everything we've done above goes without essential hanges from R
d
to any d-
dimensional manifold M . Moreover, this example is the base for us to onstrut the
Borhers-Uhlmann algebra assoiated to elds with arbitrary spin, whih will be
skethly done as follows. Consider a vetor bundle E
p−→ M with ber E ∼= RD. Given
O ⊂ M open, we take
F(O)
.
=
∞∑
k=0
⊗kΓ∞c (O , E ).
In this ase, the k-point funtion ωk assoiated to a state ω assumes values in ⊗kE,
and the eld obtained is a D-tuple of operator-valued distributions.
We all here attention to the extremely important fat that the Borhers-Uhl-
mann algebra ontains only kinemati information about a theory, determining the
support, the tensor harater and the global internal symmetries of the eld (multi-
plet). All the dynamial information of the theory (equations of motion, ommutation
relations, spetrum, et.) is ontained in ω. We an alternatively dene φ by taking
the quotient of F(O) modulo some *-ideal I (we treat several instanes of this senario
in Chapters 3 and 4). In this ase, a bona de state ω over the eld φ must satisfy
Annω ⊃ I, for it follows from the Third *-Isomorphism Theorem (Theorem B.4), sup-
plemented by Remark B.2, that (F(O)/I)/(Annω/I) ∼= F(O)/Annω.
One an onstrut, under speial irumstanes (as, for instane, in the ase of a
quantum eld theory satisfying the Wightman axioms), a version of the Tomita-
Takesaki modular theory for *-algebras suh as the Borhers-Uhlmann algebra.
This problem, addressed for the rst time by Bisognano and Wihmann [BW75,
BW76℄, is attaked in a systemati fashion in [Ino98℄.
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Categories and funtors
Here, we shall introdue in a minimalisti way the needed onepts from the the-
ory of ategories and funtors, a language devised with the purpose of organizing the
strutures that appear in the dierent areas of mathematis. Our referene for this
Appendix is the lassi text [Lan98℄ of Ma Lane, one of the fathers of the onept.
A brief omment about the use of set theory made when one speaks about ategories
is in order here. Stritly speaking, the onept of ategory
1
(Denitions C.1 and C.2)
makes no mention whatsoever to any of the axioms of set theory. Indeed, it's ommon
(and quite useful) to onsider large ategories, i.e., suh that the objets and arrows
(morphisms) onstitute aggregates more general than sets, suh as lasses
2
. Aording
to the system of set-theoretial axioms of Gödel and Bernays, the notion of lass
is realized by all positive instanes of a ertain propositional funtion that denes the
properties of the objets of the lass. For our purposes, it'll sue to say that a lass is a
set if eah one of the positive instanes whih forms the former redues itself to a single
element of the universe. Summing up, sets are small aggregates (i.e., elements of the
universe) and lasses, large aggregates.
3
We won't need more general set-theoretial
onepts.
C.1 Rudiments
Definition C.1 A metaategory onsists of:
1
More preisely, of metaategory  see Denition C.1.
2
The onept of lass makes itself neessary every time one tries to build sets with ardinality
bigger than the one of the universe of the set theory adopted (naïve or following the axioms of
Zermelo-Fraenkel). The paradigmati example, pointed by the rst time by B. Russell, is
the lass of subsets of the universe.
3
There are ertain ategories whose objets may not onstitute a lass, as in the ase of ategories
of funtors (see Setion C.2).
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1. objets a, b, c, . . .;
2. arrows (or morphisms) f, g, h, . . .;
3. domain (or soure) D(.) and ounterdomain (or target) CD(.) operations on
arrows, resulting in the objets D(f), CD(f), D(g), CD(g), . . . (it's ustomary to
employ the notation
f : a −→ b or a f−→ b, for a = D(f), b = CD(f));
4. an identity id. ≡ 1. operation on objets, resulting in the arrows 1a, 1b, . . . with
D(1a) = CD(1a);
5. and a omposition law . ◦ . on ordered pairs of arrows (f, g) with D(f) = CD(g),
resulting in the arrows f ◦ g with D(f ◦ g) = D(g) and CD(f ◦ g) = CD(f),
with the operations above subjet to the following axioms:
Cat1 (assoiativity): For any objets and arrows arranged in the form
a
f−→ b g−→ c h−→ d,
we have h ◦ (g ◦ f) = (h ◦ g) ◦ f ;
Cat2 (unitary law): For any arrow f , we have 1CD(f) ◦ f = f ◦ 1D(f) = f .4
For our purposes, it'll be enough to onsider a ategory as the following realization
of a metaategory within set theory (see footnote 3):
Definition C.2 A ategory C onsists of a lass of objets ObjC (sometimes identi-
ed, in abuse of notation, with C ), and a lass of arrows ArrC 5, endowed with oper-
ations satisfying the axioms of a metaategory, suh that the sublasses HomC (a, b)
.
=
{f : D(f) = a, CD(f) = b} are sets, for any pair a, b ∈ ObjC .
A subategory D of C onsists of a ategory whose objets form a sublass ObjD
of ObjC and the arrows form a sublass ArrD of ArrC , suh that the operations of D
are inherited from C . D is a full subategory if HomD(a, b) = HomC (a, b), ∀a, b ∈ D .
4
Sine this axiom determines 1a ompletely for any objet a, it's sometimes onvenient to identify
a with the arrow 1a. In partiular, this makes possible to dene a metaategory just by means of
arrows (see [Lan98℄ for a detailed disussion).
5
This, by virtue of the disussion in footnote 4, an be onsidered as a superlass of ObjC . Under
this point of view, it would be more adequate to identify C with ArrC , but here we surrender to
urrent pratie.
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We also say that a ategory C is small if ObjC (and, thus, ArrC ) is a set. We an as-
soiate C to the opposite ategory C op suh that ObjC op = ObjC and HomC op(a, b) =
HomC (b, a), with the inverse omposition law ◦ with respet to C .
Sine the arrows abstrat from the ategory S et of sets the notion of funtions
between sets, it's natural to seek the ategorial abstration injetive, surjetive and
bijetive funtions. We say that an arrow f is surjetive, epi or simply an epi (resp.
injetive, moni or a mono) if, given two arrows g1, g2 ∈ HomC (CD(f), b) (resp.
h1, h2 ∈ HomC (a,D(f))) suh that g1 ◦ f = g2 ◦ f (resp. f ◦ h1 = f ◦ h2), we have
g1 = g2 (resp. h1 = h2)
6
. An arrow e is right (resp. left) invertible if there exists
an arrow e′ suh that D(e′) = CD(e), CD(e′) = D(e) and satisfying e ◦ e′ = 1CD(e)
(resp. e′ ◦ e = 1D(e)), and simply invertible (or an isomorphism) if both properties are
satised and any right inverse is a left one and vie-versa. In this ase, the inverse is
unique, whih does not happen to the previous ases. We also say in this ase that
D(e) and CD(e) are isomorphi. A groupoid is a small ategory suh that any arrow
is an isomorphism.
Let f be an epi and g a mono. If f ◦ g = 1D(g), it's ustomary to say that g is a
setion of f (in analogy with setions of ber bundles), and f a retration of g. We also
here say that f is a split epi and g, a split mono. In this ase, h = g◦f : D(f) −→ D(f)
is an idempotent arrow (or a projetion), i.e., h2
.
= h◦h = h. Conversely, an idempotent
arrow h ∈ HomC (a, a) is said to be split by an objet b if there exist an epi f : a −→ b
and a mono g : b −→ a suh that f ◦ g = 1b and g ◦ f = h.
Finally, let us move towards some examples, whih will also be used to x the
notation for some standard ategories whih shall be frequently used:
1: Category endowed with a single objet a and a single arrow 1a;
2: Category endowed with only two objets a, b and three arrows 1a, 1b, a
f−→ b;
U : (Small) disrete ategory, where ObjU = U is a set, HomU(a, b) = ∅ if a 6= b,
and HomU(a, a){1a} (summing up, we an also write U = ObjU = ArrU);
C ×D: Produt of the ategories C and D  ObjC × D ∋ (a, b), where a ∈ ObjC
and b ∈ ObjD , HomC×D((a, b), (c, d)) ∋ (f : a → c, g : b → d), 1(a,b) = (1a, 1b)
and (f, g) ◦ (f ′, g′) = (f ◦ f ′, g ◦ g′);
6
One haven't pursued a denition of epi (resp. moni) arrows by means of right (resp. left)
inverses, for, although suh denition applies to S et, the same fails to happen, for instane, to the
ategory G rp of groups  epimorphisms possesses a set-theoretial right inverse, for it may not be
possible to hoose an homomorphism with that property. The denition we gave, on the other hand,
embraes all ases of interest.
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C I : Cartesian power of a ategory C to the set I  formally, ObjC ∋ a : I → ObjC
(a is then said to be the produt of the a(α)'s), HomC I (a, b) = {f : I ∋ α 7→
f(α) ∈ HomC (a(α), b(α))}, 1a : I ∋ α 7→ 1a(α) and (f ◦ g) : I ∋ α 7→ f(α) ◦ g(α);
(U,≤): Partially ordered set Obj(U,≤) = U is the underlying set, and H (U,≤)(a, b),
if nonvoid, possesses a single arrow ≤, also denoted by a ≤ b, satisfying the usual
properties of an order relation, here suitably rephrased in ategorial language:
1a = a ≤ a and (b ≤ c) ◦ (a ≤ b) = a ≤ c. In this ase, Arr(U,≤) .=≤ is said
to be a partial order in U . Moreover, we say that (U,≤) is: direted if, given
a, b ∈ U , there exists c ∈ U suh that a ≤ c and b ≤ c; and totally ordered if
for any a, b ∈ U neessarily a ≤ b or b ≤ a. The Zorn lemma here is stated in
the following way: any full, totally ordered subategory C of (U,≤) possesses a
terminal objet u, i.e., for any a ∈ C there exists an unique arrow a ≤ u (dually,
a ∈ ObjC is an initial objet if for any b ∈ ObjC there exists an unique arrow
a → b). An example of a direted set is the power set, ordered by inlusions
(U,≤) = (P (X),⊆), of the set X  in partiular, this direted set possesses a
terminal objet X and initial objets {x}, x ∈ X ;
S et: Sets, whose arrows are funtions;
G rp: Groups, whose arrows are homomorphisms;
T op: Topologial spaes, whose arrows are ontinuous funtions;
T vs: Topologial vetor spaes (assumed in the text Hausdor and loally onvex
 see Setion B.3), whose arrows are linear ontinuous maps.
Other ategories shall be introdued in the text as needed.
C.2 Funtors and natural transformations
Definition C.3 Let A and B be ategories. A ovariant (resp. ontravariant) fun-
tor from A to B is a rule F whih assoiates to eah a ∈ ObjA an objet Fa ∈ ObjB
and to eah f ∈ ArrA an arrow Ff ∈ ArrB satisfying D(Ff) = FD(f) (resp.
D(Ff) = FCD(f)), CD(Ff) = FCD(f) (resp. CD(Ff) = FD(f)) and suh that,
for a, b, c ∈ ObjA and f, g ∈ ArrA satisfying a f−→ b g−→ c, we have
F(g ◦ f) = Fg ◦ Ff (resp. F(g ◦ f) = Ff ◦ Fg).
It's ustomary to write a funtor as an arrow between ategories, i.e., F : A → B or
even A
F−→ B.
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We an say, equivalently, that a ontravariant funtor F : A → B is a ovariant
funtor F : A → Bop. Hene, when we say funtor, we just mean ovariant funtor.
F is said to be an equivalene of ategories if it's invertible, i.e., there exists a fun-
tor F−1 suh that F−1 ◦ F = idA and F ◦ F−1 = idB, where C idC−→ C is the identity
funtor assoiated to the ategory C (i.e., idC a = a, idC f = f , ∀a ∈ ObjC , f ∈ ArrC ).
Another example is the funtor iC ,D given by the inlusion of a ategory C into a su-
perategory D of C .
We shall give now some examples of funtors whih will be of great use to us:
• Let C be a ategory and (U,≤) a partially ordered set. A funtor F : (U,≤)→ C op
(resp. G : (U,≤) → C ) is said to be a pre(o)sheaf (of objets of C ) in U .7 If
(U,≤) is direted, we say that F is an inverse system in C indexed by U , and G,
a net (of objets of C ) in U , or a diret system in C indexed by U ;
• The Cartesian power of C to I an be understood as a funtor F : I → C , where
I is here understood as a (disrete) ategory;
• Let I be a set and C a ategory. The diagonal funtor ∆ : C → C I is given by
ObjC ∋ a 7→ (∆a : I ∋ α 7→ a) and ArrC ∋ f 7→ (∆f : I ∋ α 7→ f);
• Given a funtor F : C → D and d ∈ ObjD , an universal arrow from d to F (resp.
from F to d) onsists in a pair (u, f), where u ∈ ObjC and f : d → Fu (resp.
f : Fu→ d) whih satisfy the following universal property: given any c ∈ ObjC ,
g : d → Fc (resp. g : Fc → d), there exists a single arrow g′ : u → c (resp.
g′ : c → u) suh that Fg′ ◦ f = g (resp. f ◦ Fg′ = g). In this ase, we say that
(u, f) is a universal element of the funtor HomD(d,F.) : C → S et (the ation of
this funtor on arrows is given by HomD(d,F.) : (g : a → b) 7→ (HomD(d,Fa) ∋
h 7→ Fg ◦ h ∈ Hom(d,Fb)))  more generally, if H : C → S et, an universal objet
of H onsists of the pair (u, e), where u ∈ ObjC and e ∈ Hu are suh that for eah
a ∈ ObjC , x ∈ Ha there exists a single arrow f : u → a suh that (Hf)(e) = x.
Conversely, interpreting e as e : {∗} ∋ ∗ 7→ (Hu)(∗) .= e, we see that (u, e) is a
universal arrow of ∗ in H. The dual ase ited parallelly above onsists only in
exhanging D with Dop. Examples of universal arrows omprise:
 Generators of free groups (C = G rp, D = S et e F identies a group with
the underlying set): given X ∈ ObjS et, let u be the free group generated
by X and f identifying x ∈ X with the orresponding element of u;
7
Atually, the usual denition of pre(o)sheaf in U onsists of a funtor F : (P (U),⊆) → C or,
more generally, F : (τ(U),⊆) → C , where τ is a topology (possibly disrete, as in the previous ase)
in U . It's not diult to see that suh a denition is superseded by the one we've given above.
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 Coproduts (D = C I , where I is a set, and F = ∆): given a : I ∋ α 7→ a(α)
and (u, f) and universal arrow from a to ∆, we then say that u is the
oprodut or diret sum of the a(α)'s, sometimes denoted u
.
=
∐
α∈I a(α) or
u
.
=
⊕
α∈I a(α), and f(α), the injetion of a(α) in u;
 Produts (D = C I , where I is a set, and F = ∆): given a : I ∋ α 7→ a(α)
and (u, f) a universal arrow from ∆ to a, we then say that u is the produt
of the a(α)'s, sometimes denoted u
.
=
∏
α∈I a(α), and f(α), the projetion
of u in a(α);
 Completion of topologial spaes, free tensor algebras, et.,
and of universal objets:
 Quotient S/ ∼ of a set S modulo an equivalene relation ∼ (C = S et,
H : X 7→ HX = {f : S → X : s, s′ ∈ S, s ∼ s⇒ f(s) = f(s′)});
 Tensor produt of two vetor spaes (partiular ase of the previous exam-
ple), et..
• Given a ategory C , a direted set (U,≤) and a diret (resp. inverse) system F
in C indexed by U , the indutive (resp. projetive) limit, or simply olimit (resp.
limit) of a ∈ ObjC U is simply a universal arrow (u, f) from a to ∆ (resp. from
∆ to a), suh that f(α′) = f(α) ◦ F(α′ ≤ α) (resp. f(α′) = F(α′ ≤ α) ◦ f(α)) 
we denote
(C.1) u
.
= lim
−−→
α,F
a(α) (resp. u
.
= lim
←−−
α,F
a(α)).
Definition C.4 Let A and B be ategories, and the funtors 8 F,G : A → B. A
natural transformation Φ from F to G is a rule that assoiates to eah a ∈ ObjA
an arrow Φa ∈ ArrB satisfying D(Φa) = Fa, CD(Φa) = Ga and suh that, for eah
f : a→ b, a, b ∈ ObjA , we have
Φa ◦ Ff = Gf ◦ Φb.
A natural transformation φ between funtors F, G is said to be a natural equivalene
between F and G if there exists a natural transformation φ−1 from G to F suh that
φ−1a ◦φa = φa◦φ−1a = 1a. For instane, a funtor F from a ategory C to a superategory
D of C is said to be forgetful id it's naturally equivalent to the inlusion funtor C into
D , i.e., F forgets part of the struture of C .
Sine the omposition of natural transformations is learly assoiative, and there
always exists, for eah funtor F, an identity 1F given by (1F)a
.
= 1Fa, we an formally
8
Using the notion of opposite ategory, we an extend the denition to ontravariant funtors.
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onsider the funtor ategory C D , with ObjC D = {F : D → C } and ArrC D onsisting
of all natural transformations between funtors from D to C , modulo the set-theoretial
aveats disussed at the beginning of this Appendix, in partiular footnote 3. An
example of suh a ategory is, given a ategory A , the ategory of arrows A 2.
151

Appendix D
Rudiments of homotopy
We introdue here some basi denitions and results whih are employed at several
points of Chapter 1. Our referene for the matter is Part I (Setions 17) of [GH81℄.
For appliations related to dierentiable manifolds (isotopies, et.), we follow [Hir76℄.
D.1 Homotopi maps
Definition D.1 Given two topologial spaes X, Y and two ontinuous maps f, g :
X → Y , we say that f is homotopi to g if there exists a (jointly) ontinuous map
F : X × [0, 1]→ Y suh that F (x, 0) = f(x) and F (x, 1) = g(x), for all x ∈ X (suh a
F is said to be a homotopy between f and g). In partiular, if A ⊂ X and f↾A = g↾A,
we say that f is homotopi to g relative to A if we an hoose the homotopy F in a way
that F (x, t) = f(x) = g(x) for all t ∈ [0, 1]  in this ase, we say that F is a homotopy
between f and g relative to A.
We say that X is ontratible if the identity map idX : X ∋ x 7→ x is homotopi to
the onstant map fp(x) : X ∋ x 7→ p for some p ∈ X . X is ontratible if and only
if, given any topologial spae Y , then any two ontinuous maps f, g : Y → X are ho-
motopi  the diret impliation is immediate, and the inverse impliation is obtained
through the homotopy G : Y × [0, 1]→ X given by G(y, t) = F (f(y), 2t) (t ∈ [0, 1
2
]) and
G(y, t) = F (g(y), 1− 2t) (t ∈ [1
2
, 1]), where F is a homotopy between idX and fp. As
a onsequene of this, a ontratible topologial spae X is always pathwise onneted,
i.e., given any two points x, y ∈ X , there exists a ontinuous urve linking x to y 
namely, γ : [0, 1] → X given by γ(t) = F (x, 2t) (t ∈ [0, 1
2
]) and γ(t) = F (y, 1 − 2t)
(t ∈ [1
2
, 1]).
A ontratible topologial spae X is also simply onneted, i.e., any two ontinuous
urves γ, γ′ : [0, 1] ∋ s→ X suh that γ(0) = γ′(0) and γ(1) = γ′(1) are xed-endpoint
153
D. Rudiments of homotopy
homotopi, i.e., homotopi relative to {0, 1}.
Let us now onsider two dierentiable manifolds M ,N . Given two maps C∞
f, g : M → N and a homotopy F between f and g, it's always possible to regularize
F in suh a way that F is a C∞ map from M × [0, 1] to N . The same holds if f = g
in a subset U ⊂ M and F is a homotopy between f and g relative to U . Hene, one
the onept of homotopy is transported from the C 0 ategory to the C∞ ategory, we
an rene it in the following way:
• If F (., t) is an embedding of M into N for all t ∈ [0, 1] (and, in partiular, f and
g are as well), we say that F is an isotopy between f and g. A typial example
of isotopy is given by a foliation of K ⊂ N by dieomorphi opies of M  in
this ase, K = F (M , [0, 1]) and F (M , t1) ∩ F (M , t2) = ∅ if t1 6= t2.
• If M = N , F (., t) is a dieomorphism for all t ∈ [0, 1] and f = idM , we say that
F is a dieotopy or ambient isotopy. An example of dieotopy is the restrition
of an one-parameter group of dieomorphisms M × R ∋ (x, t) 7→ φt(x) (i.e.,
φt1+t2 = φt1 ◦ φt2 and φ0 = idM ) to M × [0, 1]  in this ase, g = φ1.
D.2 The fundamental group and overing spaes
Definition D.2 Let X be a topologial spae and x0 ∈ X, alled base. The loop spae
Ω(X, x0) of X based on x0 onsists of the ontinuous urves γ : [0, 1] → X suh that
γ(0) = γ(1) = x0. Consider: the equivalene relation ∼ in Ω(X, x0)
γ1 ∼ γ2 ⇔ γ1 is xed-endpoint homotopi to γ2,
the operations of
• Produt: γ1, γ2 ∈ Ω(X, x0)→ γ1γ2 given by
(D.1) γ1γ2(t) =
{
γ1(2t) (t ∈ [0, 12 ])
γ2(2t− 1) (t ∈ [12 , 1])
, e
• Inversion: γ−1(t) = γ(1− t)
and the identity loop γ0(t) ≡ x0 in Ω(X, x0). The fundamental group (or rst homo-
topy group) of X based on x0 is set-theoretially given by π1(X, x0) = Ω(X, x0)/ ∼∋ [γ],
with group operations [γ1][γ2]
.
= [γ1γ2], [γ]
−1 .= [γ−1] and identity 1
.
= [γ0].
Clearly, the pathwise onneted omponent X to whih x0 belongs is simply on-
neted if and only if π1(X, x0) = {1}. If X is pathwise onneted, then π1(X, x1) is
isomorphi to π1(X, x2) for all x1, x2 ∈ X , and then we an dene the fundamental
group π1(X)
.
= π1(X, x0) of X .
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Definition D.3 Given two topologial spaes X, Y , a map φ : Y → X is said to
be a overing map if eah x ∈ X possesses an open neighbourhood U ∋ x suh that
φ−1(U) = ∪˙αVα, where {Vα} is a olletion of disjoint open subsets (∪˙ denotes disjoint
union) of Y suh that φ↾Vα is a homeomorphism suh that F (Vα) = U , for all α. In
this ase, we say that Y is a overing (spae) of X  we also employ the ondensed
notation Y
φ−→ X. Y is said to be universal if it's pathwise and simply onneted.
If Y
φ−→ X is a overing of the topologial spae X , it follows immediately from
Denition D.3 that:
(i) φ−1(x) is disrete for all x ∈ X ,
(ii) φ is a loal homeomorphism, and
(iii) φ is surjetive, and the topology of X is preisely the quotient topology of E
modulo the equivalene relation y1 ∼ y2 ⇔ φ(y1) = φ(y2).
The importane of the universal overing follows from the fat that, despite having
quite a simple global struture, it enodes in a rather onvenient way the fundamental
group of the topologial spae it overs. Dening the group of overing (or dek) trans-
formations G(Y,X) of an universal overing Y of X as the group of homeomorphisms
f from Y to itself suh that φ ◦ f = φ, one an prove [GH81℄ that G(Y,X) ∼= π1(X).
Moreover, the universal overing Y of X is essentially unique: given any other
universal overing Y ′
φ′−→ X , there exists a homeomorphism f : Y ′ → Y suh that φ ◦
f = φ′. We an then speak about the universal overing ofX . Conversely, given a group
G of homeomorphisms of a pathwise and simply onneted topologial spae Y whih
ats properly disontinuously, i.e., for all y ∈ Y there exists an open neighbourhood
V ∋ y suh that f(V ) ∩ V = ∅ for all f ∈ G, it follows that π1(Y/G) ∼= G  notie
that, above, G(Y,X) ats properly disontinuously in Y . We say then that X = Y/G
is the fundamental domain of Y with respet to G.
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Notes and translation of (some) epigraphs
i
See what things are in themselves, distinguishing matter, ause, end.
ii
The literal translation is To myself . However, the oial Latin translation for the title ended
up being the name by whih these personal writings, originally in Greek, of the Roman emperor have
beome more well known  Meditations.
iii
We only listen to the questions for whih we are able to nd an answer.
iv
The Gay Siene.
v
Editora Melhoramentos, 1986.
vi
The truth is that when his mind was ompletely gone, he had the strangest
thought any lunati in the world ever had, whih was that it seemed reasonable and
neessary to him, both for the sake of his honor and as a servie to the nation, to beome
a knight errant and travel the world with his armor and his horse to seek adventures and
engage in everything he had read that knights errant engaged in, righting all manner of
wrongs and, by seizing the opportunity and plaing himself in danger and ending those
wrongs, winning eternal renown and everlasting fame. The poor man imagined himself
already wearing the rown, won by the valor of his arm, of the empire of Trebizond at
the very least; and so it was that with these exeedingly agreeable thoughts, and arried
away by the extraordinary pleasure he took in them, he hastened to put into eet what
he so fervently desired. And the rst thing he did was to attempt to lean some armor
that had belonged to his great-grandfathers and, stained with rust and overed with
mildew, had spent many long years stored and forgotten in a orner.
(Tr. Edith Grossman)
vii
Don Quixote. Eo/Harper Collins, 2003.
viii
Editora Nova Fronteira, 1988.
ix
 `It seems to me,' said Don Quixote, `there is no human history in the world that
does not have its ups and downs, espeially those that deal with hivalry; they annot
be lled with nothing but suessful exploits.' 
(Tr. Edith Grossman)
x
There are two ways to reah Despina: by ship or by amel. The ity shows itself in a dierent
way to who arrives by land or by sea. (...) Eah ity reeives the form of the desert whih it opposes;
Thus do the ameleer and the sailor see Despina, ity of onne between two deserts. (Tr. Pedro
Lauridsen Ribeiro)
xi
`The ities and the desire 3' (The invisible ities).
xii
169
 `How an that be?' responded Don Quixote. `Is it so essential to the story to
know the exat number of goats that have rossed that a mistake in the ount means
you annot ontinue the tale?'
`No, Señor, I an't.' responded Sanho, `beause as soon as I asked your grae
to tell me how many goats had rossed, and you said you didn't know, at that very
moment I forgot everything I had left to say, and, by my faith, it was very interesting
and pleasing.'
`Do you mean to say that the story is nished?' said Don Quixote.
`As nished as my mother.' said Sanho.
`I tell you truthfully,' responded Don Quixote, `that you have told one of the
strangest tales, stories or histories that anyone in the world ever thought of, and this
manner of telling it and then stopping it is something I shall never see, and have never
seen, in my life, although I expeted nothing else from your intellet; but I am not
surprised, for perhaps the sound of the pounding, whih has not eased, has louded
your understanding.' 
(Tr. Edith Grossman)
The engravings in the frontispiees of eah Part are lippings, done by the Author, from illus-
trations of Gustave Doré for El ingenioso hidalgo don Quijote de la Manha (Primero Libro),
of Miguel de Cervantes Saavedra. The illustrations, originally drawn with feather tip, were
wood-engraved by Héliodore Pisan, and then employed in the edition annotated and translated to
Frenh by Louis Viardot, published by Hahette in 1863 (republished in 1978). Sine they have
been published for the rst time more than 100 years ago, these illustrations are in publi domain,
and an be found at Wikimedia Commons (http://ommons.wikimedia.org/wiki/Don_Quixote) in
eletroni format.
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Erratum for the previous versions
In the original, Portuguese version and in the previous version of the English trans-
lation of this thesis, there was a ompletely inorret onstrution of a measure from
the Lorentzian distane by means of Carathéodory's proedure in Subsetion 2.3.1,
whih (thankfully!) showed up to be irrelevant for our purposes. Thus, this part was
removed and replaed by appropriate remarks and a orret alternative argument whih
relies only on Proposition 2.4. We starkly warn the reader and heartily apologise for
suh errors when reading either the original Portuguese version of the previous English
version in the arXiv.
The Author
Toru«, June 2008
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